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Abstract

This paper aims to present a cubic structure in which the thermodynamic potential energies are
directionally distributed (E-digraph) for a single-component system (CALLEN, 1985, p. 168), in
order to complement the cubics structures of Pate (1999), Pogliani (2018) and Kocik (2018) and
the octahedron of Kerr & Macosko (2011), as well as proposes an alternative model for obtaining
the Maxwells Identities, and the Differential Relations of Euler, Gibbs, Gibbs-Duhen and Euler
where Legendre Transformations were not used. The six free variables of thermodynamics were
linked two by two, in order to facilitate the understanding of the meanings of Thermal, Chemical
and Mechanical energy. As future perspectives, this cubic structure will be applied to Massieus
Thermodynamic Potentials, by means of a S-digraph, in order to continue the study of these poten-
tials, first introduced in 1869 by François Massieu under the name of fonctions charactéristiques
(BALIAN, 2017).

Keywords: hermodynamic Potentials Energies. Thermodynamic Cube. Teaching of Thermo-
dynamics. E-digraph representation. Open Systems.

I. Introduction

Thermodynamics is a modern science that emerged around 1824 when Sadi Carnot
(1786-1832) published his only book on the performance of thermal machines and presented
a principle that later came to be treated as the Second Law of Thermodynamics (BALIAN,
2017).

In the same perspective, the free encyclopedia Wikipedia1 presents another reference that
marked the beginning of Thermodynamics:

In the history of thermodynamics, On the Equilibrium of Heterogeneous Sub-
stances is a 300-page paper written by american chemical physicist Willard
Gibbs. It is one of the founding papers in thermodynamics, along with

1Available in <https://en.wikipedia.org/wiki/On_the_Equilibrium_of_Heterogeneous_Substances#cite_
note-1>. Access at Feb. 02 2021.
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German physicist Hermann von Helmholtzs 1882 paper Thermodynamik
chemischer Vorgänge. Together they form the foundation of chemical thermo-
dynamics as well as a large part of physical chemistry. Gibbss Equilibrium
marked the beginning of chemical thermodynamics by integrating chemical,
physical, electrical, and electromagnetic phenomena into a coherent system.
It introduced concepts such as chemical potential, phase rule, and others,
which form the basis for modern physical chemistry. American writer Bill
Bryson describes Gibbss Equilibrium paper as the Principia of thermodynam-
ics. On the Equilibrium of Heterogeneous Substances, was originally published
in a relatively obscure American journal, the Transactions of the Connecticut
Academy of Arts and Sciences, in several parts, during the years 1875 to 1878
(although most cite 1876 as the key year). It remained largely unknown until
translated into German by Wilhelm Ostwald and into French by Henry Louis
Le Châtelier.

Classical Thermodynamics or Equilibrium Thermodynamics, although their postulates
were formulated a priori,

is one of the best consolidated areas of Physics. It is synthesized by a
well-defined and self-consistent knowledge structure. The essence of the
theoretical structure of Classical Thermodynamics lies in a set of natural
laws that govern the behavior of macroscopic physical systems. These laws
were formulated from generalizations of observations and are, to a large
extent, independent of any hypotheses regarding the microscopic nature of
matter.

(PÁDUA et al, 2008).

Despite this consolidation of this theoretical framework, the universal axiomatic mathe-
matical tooling and the cold mechanistic formalism of Differential Equations that structures
the laws and relations of the Phenomenological Equilibrium Thermodynamics (TEP) hin-
ders a conceptual interpretation (KOCIK, 2018) of both Classical Thermodynamics and
Quantum Statistics. In order to facilitate the interpretation of thermodynamic equations,
Percy Williams Bridgmam (1882-1961) presented in 1914 an extensive method in order to
phenomenologically signify the equations, which was simplified by Albert Norman Shaw in
1935 (POGLIANI, 2018). However, this didactic work did not obtain the desired scientific
recognition.

Also in this perspective, Josiah Willard Gibbs (1839-1903) activated Constantin Carathéodory
(1873-1950) to elaborate an ab-initio formulation to the Laws of the Thermodynamics
(BRAGA, 2018). Although Carathéodorys work represents phenomena of Nature, it still
challenged the significance of the differential relations of Potentials and their association
with physical phenomena, contributing to not well accepted by the scientific literature
(ARENS, 1963).

Max Born (1882-1970), attempted to present a more logical form more logical to Ther-
modynamics (GIBBS, 1928, apud KOCIK, 2018), as he understood that Gibbss worldwide
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accepted treatment until then was not based on fundamental principles. In this perspective,
Born presented a square that related four potential energies (the Internal Energy, the En-
thalpy, the Free Energy of Helmholtz and the Free Energy of Gibbs) arranged at the edges
of that square and its free variables located at the vertices of that same square, connected by
diagonal arrows (ZHAO, 2009). Borns initiative marked the beginning of the representation
model of the spatial distribution of Thermodynamic Potentials for closed systems and
facilitated the visualization of the interdependence of these potentials.

In this paper a model for simple systems is proposed that interrelate the energies of
closed systemss thermodynamic potential (Internal Energy, Enthalpy, Helmholtz Free Energy
and Gibbs Free Energy) with another four potentials for open systems (Great Potentials).
The simple systems...

... are macroscopically homogeneous, isotropic, and uncharged, that are
large enough so that surface effects can be neglected, and that are not acted
on by electric, magnetic, or gravitational fields ...

(CALLEN, 1985, p. 9).

Although the Great Potentials have attracted the attention of researchers, only the Grand
Canonical Potential or Landau Potential (), in honor of the Russian physicist Lev Davidovich
Landau (1908-1968), it has been discussed prominently in the scientific literature.

Recently, some researchers have rejoined the formulation of thermodynamics through
spatial representations, such as the three-dimensional representations of Pate (1999) and
Kocik (2018) and the two-dimensional representation of Kerr & Macosko (2011). These
models, relaxed for open systems, present their own rules of symmetry to interrelate
thermodynamic potentials energies.

Despite the efforts and contributions of the researchers, thermodynamics potential ener-
gies are still superficially addressed by textbooks on the subject, lacking clearer definitions
and needing theoretical and phenomenological explanations.

In summary, this article presents a cube-shaped model for the spatial distribution of
the thermodynamic potential energies, complementing the cube of Pate (1999) and the
octahedron of Kerr Macosko (2011), the cubes Pogliani (2018) and Kocik (2018) aiming to
facilitate obtaining the equations that interrelate the Thermodynamic Potential Energies, as
well as giving meaning to the Thermodynamic Transformations through the proposition of
Arrows Edges and Coordinated Arrows, whose axes will be presented in the next section.

II. The Thermodynamic Cube, the Edge Arrows, the Coordinated

Arrows and the Potential Energies of Thermodynamics and the

Conjugated Variables

II.1. The Thermodynamic Cube

The cube proposed here proposes to connect, by arrows, the thermodynamic potential
energies of, articulating them, as well as presenting a new reference for orthogonal axes.

Instituto de Física 3
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The Denominations of the Thermodynamic
Potential Energies:
F - The Helmholtz Free Energy;
G - The Gibbs Free Energy;
H - The Enthalpy;
U - The Internal Energy;
I - The unnamed Potential;
Ω - The Landaus Great Potential;
Γ - The unnamed Potential;
0 - The Null Potential.

Figure 1: The Thermodynamic Cube for the Potential Energies

The orthogonal system of this cube has the same configuration as the Cartesian Orthog-
onal Reference frame, the difference is that in this reference system each axis contains a
pair of conjugated variables, in which one of these free variables is located in the origin
(cross-side) while the other free variable, conjugated to the first, is located at end (dot-side) of
that same Coordinate Arrow. Note that, for the same axis, the cross-side is parallel to the
dot-side.

The layout of these variables in this new orthogonal system, based on the figure above,
is as follows:

• In the ~TS axis of this Cartesian Framework, the Temperature T is exhibited at the
cross-side of the cube, while the Entropy S is exhibited at the dot-side of the cube;

• In the ~VP axis of this Cartesian Framework, the Volume V is exhibited at the cross-side
of the cube, while the pressure P is exhibited at the dot-side of the cube;

• In the ~µN axis of this Cartesian Framework, the Chemical Potential µ is exhibited at
the cross-side of the cube, while the Number of Particles N is exhibited at the dot-side
of the cube.

Each of the eight potential thermodynamic energies can be linked to its adjacent potential
energy by an edge arrow, by suppressing or adding the transformation energy. This
transformation energy is obtained from the product of the two free variables articulated.
This cube is shown in Figure 01 as a set of two complete and disconnected graphs. In the
graph of energies, the Internal Energy represents the potential source and the Null Potential
represents the sinkhole. In the graph of free variables, the vectors ~TS, ~VP and ~µN intersect
at the center of the presented Thermodynamic Cube.

The nest section of this article also proposes the Symmetry Rules that govern the signs
in the Thermodynamic Potential Equations of State, which describe a possible evolution
of a system, due to the variation of one of the three potential energies, without applying
Legendres transformations.
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The description of edge arrows and coordinate arrows are presented in the following
subsection.

II.2. Edges Arrows

One of the purposes of this article is to propose the replacement of the cube edges
of Figure 6.1 (KOCIK, 2018, p. 11) and Figure 4 (PATE, 1999, p. 1113) by arrows that
indicate the directions of thermodynamic transformations, in addition to adding arrows
representing the energies necessary to these transformations, maintaining the positions of
the eight thermodynamic potentials of Pates Cube (1999) and Kociks Magic Cube (2018).
The Arrow Edge indicates the transformation of the potential energy from the origin of that
Arrow Edge into the potential energy located at the end of that arrow. The equation that
describes this process is called the State Equation of the Thermodynamics Potential Energy.
The state energies (Mechanical, Thermal and Chemical) can be modeled by the product of
two variables conjugated by Coordinated Arrows, whose description can be found in the
following section.

II.3. Coordinated Arrows

They are proposed to articulate, two by two, the six Free Variables of the eight potential
energies of thermodynamics, through coordinated orthogonal axes. While one of the
variables is located at the origin (cross) of one of the Coordinated Arrows, the other variable,
combined with the first by that same Arrow, is located at the end (dot) of that same axis.
The Chemical, Thermal and Mechanical energies, necessary for the transformation between
adjacent thermodynamic potentials, are derived from the product of the two conjugated
variables. Therefore, the Coordinated Arrows, which intersect in the center of this cube, are
oriented axes that compose the orthogonal frame. It is noteworthy that each of these arrows
crosses perpendicularly the center of a pair of parallel faces of this cube.

The dot and cross notations adopted here were based on the Thermodynamic Cuboctahe-
dron of Fox (1976).

This model aims to facilitate the understanding of the interdependence between thermo-
dynamics potential energies, as well as to establish meanings to thermodynamic transforma-
tions, in addition to easy the writing, the memorization and the understanding of logical
constructs of the Balance of Thermodynamics Potentials Energies.

Equations presented in this article were addressed by Koenig (1935). However, in that
case, the equations are assembled by Characteristics Group, as mentioned below:

Attention is called to the fact that certain important equations of thermody-
namics such as the two Gibbs-Helmholtz equations may be grouped into
families, but that a precise definition of such families has hitherto been
lacking.

(KOENING, 1935, p. 9)
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Koening (1972), in the second part of the article that was published in 1935, again
addresses the potential energies of thermodynamics and presents a geometric method for:

For resolving into families a certain class of thermodynamic equation in-
volving characteristic functions. The extension consists of operations upon
a regular octahedron analogous to the upon a square (the thermodynamic
square)...

In this paper, it is presented a cube in order to complement the geometric figures covered
so far. The cube is presented in the next section.

These State Equations will be presented in the following section.

II.4. The State Equations of the Thermodynamic Potential Energies

This article also proposes to present a simplified model to describe the equations of state
of a thermodynamic system. These mathematical relations allow to equate the potential
energies associated with the transformations between two thermodynamic states, without
the need to use Legendres Transformations. For this, the potential thermodynamic energies
are displayed at the vertices of a cube. These energies, obtained by their own symmetry rules,
through the use of Arrows Edges and Coordinated Arrows, have the following structure:

xl = xi ± xjxk (1)

This State Equation indicates that a system can evolve from the initial state xi, exhibited
at the origin of the Arrow Edge, to the final state xl, exhibited at the end of this same arrow.
Such evolution is conditioned to the addition or subtraction of the energy from the product
xjxk (TS, PV or µN). The quantities originating from these products between the intensive
quantities (T, P or µ) and the corresponding extensive variable arranged in the same order
as the intensive variable (S, V or N), give rise to Transformation Functions established by
the Thermodynamics Relations.

The rules for the signs of the equations of state of the thermodynamic potentials will be
presented in the following section.

II.5. The Rules of Signs for the Equations of State

In this section, the symmetry rules that will be used to describe the energy of the
thermodynamic state of a system, whose mathematical relations is represented by the
Equation 1, will be presented.

The First Rule is:

• The sign that precedes the potential energies xl and xi is always positive.

The Second Sign Rule is:

• The energy xjxk will be preceded by a positive sign if the Coordinate Arrow is in the
same direction as the Arrow Edge;
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• The energy xjxk will be preceded by a negative sign if the Coordinate Arrow is in the
opposite direction of the Arrow Edge.

All State Equations involving Thermodynamic Potentials can be obtained from the
Equation 1, as can be seen in the following equations:

H = U + PV (2)

0 = Ω + PV (3)

G = F + PV (4)

Γ = I + PV (5)

Ω = F − µN (6)

I = U − µN (7)

0 = G − µN (8)

Γ = U − µN (9)

0 = Γ − TS (10)

Γ = I − TS (11)

G = H − TS (12)

F = U − TS (13)

II.6. The Potential Energies of Thermodynamic and their Free Variables

In this section, we will present a technique for obtaining free variables for a given
thermodynamic potential energy.

Each potential energy has a set of three free variables. This trio is composed of each one
of the three faces that form the vertex where the potential energy is located. Based on the
cube presented here, the relations of the potentials energies and their free variables are as
follows:

0 = f (T, P,µ) (14)
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Γ = f (S, P,µ) (15)

I = f (S,V,µ) (16)

Ω = f (T,V,µ) (17)

F = f (T,V, N) (18)

G = f (T, P, N) (19)

H = f (S, P, N) (20)

U = f (S,V, N) (21)

The potential energies for closed systems are defined in the following references: Internal
Energy (CORREIA & OLIVEIRA, 2018); Enthalpy (CORREIA & OLIVEIRA, 2019); Helmholtz
Potential (CORREIA & GUIMARÃES, 2020); and Gibbs Potential (CORREIA & GUIMARÃES,
2021).

The next step is to obtain the equations that describe the variation of the thermody-
namic potential energy. These equations are described by the tooling of the differential
equations, such as the use of the Legendre Transformations. However, this work aims to
present a technique for obtaining these energies, in an alternative way, without using these
Transformations.

In the following section, the differential of each of the thermodynamic potential energies
will be presented.

II.7. The Exact Differential Equations of the Thermodynamic Potential
Energies

The potential [φ(x,y,z)] variation at each edge of this cube will be described by its exact
differential (d), truncated in the first order. The mathematical relation of this transformation
is given by:

dφ(x,y,z) = ±Xdx ± Ydy ± Zdz (22)

Based on the cube in question, we have:

• φ(x,y,z) is the thermodynamic potential energy located at the corner under analysis;

• x (y or z) is the free variable at the center of the one of the tree squares that forms the
vertex of the cube where φ(x,y,z) is located;
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• X (Y or Z) is the free variable located in the center of the parallel side to the side
containing x (y or z).

This model of representation of the variation of the thermodynamics potential energies
φ(xi, xj, xk), can be described by means of the exact differential tooling, which is called Gibbs
Differential Form.

The derivatives of the potential energies in relation to each of their free variables xi, xj
ou xk are described as follows:

∂[φ(xi, xj, xk)]

∂xi

∣∣∣∣∣
xj,xk

= ±X (23)

∂[φ(xi, xj, xk)]

∂xj

∣∣∣∣∣
xi,xk

= ±Y (24)

∂[φ(xi, xj, xk)]

∂xk

∣∣∣∣∣
xi,xj

= ±Z (25)

The positive and negative signs based on the Third Rule, in which:

• The variable X (Y ou Z) will be positive if it is a cross-side;

• The variagle X (Y ou Z) will be negative if it is a dot-side.

The following differential equations for the thermodynamic potential energies are pre-
sented, based on this signal rule.

The differential equation for Internal Energy (U) is

dU = TdS + (−P)dV + µdN (26)

dU = TdS − PdV + µdN (27)

The Equation 27 is named by Differential Form of the Euler Relation of Thermodynamics.
The Differential Equation for Entalpy (H) is

dH = +TdS + VdP + µdN (28)

dH = TdS + VdP + µdN (29)

The Differential Equation for Gibbs Free Energy (G) is

dG = +(−SdT) + VdP + µdN (30)

dG = −SdT + VdP + µdN (31)

Instituto de Física 9
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The Differential Equation for Helmholtz Free Energy (F) is

dF = +(−S)dT + PdV + µdN (32)

dF = −SdT + PdV + µdN (33)

The Differential Equation for Unnamed Great Potencial (I) is

dI = +TdS + (−P)dV + (−N)dµ (34)

dI = TdS − PdV − Ndµ (35)

The Differential Equation for Unnamed Great Potencial (Γ) is

dΓ = +TdS + VdP + (−N)dµ (36)

dΓ = +TdS + VdP − Ndµ (37)

The Differential Equation for Landau Great Potencial (Γ) is

dΩ = +(−S)dT + (−P)dV + (−N)dµ (38)

dΩ = −SdT − PdV − Ndµ (39)

The Differential Equation for Null Potencial (0) is

d0 = +(−S)dT + VdP + (−N)dµ (40)

d0 = −SdT + VdP − Ndµ (41)

Since d0 = 0, then

VdP − SdT − Ndµ = 0 (42)

Relation 42 called Gibbs-Duhen Relation, is the same Equation 3.15 deduced by Callen
(CALLEN, 1985, p. 62).

Equations 35 and 37 were named as The Kerr Potential and The Macosko Potential,
respectively, according to Figure 3 of the reference Kerr & Macosko (2011, p. 951). However,
these denominations have not yet been disseminated by the scientific community.

II.8. The Deduction of Thermodynamics Euler Equation

This differential equation will serve as a basis to obtain the equation equivalent to each
of the thermodynamic energies. In order to simplify the deduction of these mathematical
relations, lets to consider the potential energy φ(x1, x2) depending only on two variables.
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This thermodynamic potential energy φ(x1, x2) will be homogeneous in the first order if
(CALLEN, 1985, p. 37).

φ(λx1,λx2) = λφ(x1, x2) (43)

.
When replacing λx1 by u1 and λx2 by u2 we will have

φ(λx1,λx2) = φ(u1,u2) (44)

Deriving (λx1,λx2) with respect to λ and using the Chain Rule, we have

∂[φ(λx1,λx2)]

∂λ
=

∂[φ(λu1,λu2)]

∂u1

∂u1

∂λ
+

∂[φ(λu1,λu2)]

∂u2

∂u2

∂λ
(45)

But, since ∂u1
∂λ = x1, ∂u2

∂λ = x2 and ∂[φ(λx1,λx2)]
∂λ = φ(x1, x2), the expression of the partial

derivative of the potential energy φ(λx1,λx2) in relation to λ is represented by the relation

φ(x1, x2) =
∂[φ(u1,u2)]

∂u1
x1 +

∂[φ(u1,u2)]

∂u2
x2 (46)

But, since u1 = λx1 and u2 = λx2, we have

φ(x1, x2) =
∂[φ(λx1,λx2)]

∂(λx1)
x1 +

∂[φ(λx1,λx2)]

∂(λx2)
x2 (47)

And, since φ(x1, x2) is a homogeneous function, we find

φ(x1, x2) =
λ∂[φ(x1, x2)]

λ∂(x1)
x1 +

λ∂[φ(x1, x2)]

λ∂(x2)
x2 (48)

And, thus,

φ(x1, x2) =
∂[φ(x1, x2)]

∂(x1)
x1 +

∂[φ(x1, x2)]

∂(x2)
x2 (49)

With this last equation, each one of the potential thermodynamic energies can be
obtained in an alternative way to that using Legendres Transformations. As an example of
the application of this method, consider the thermodynamic potential named by Internal
Energy (U) with his free variables (S, V and N). Considering U = f (S,V, N), one has:

U =
∂U
∂S

S +
∂U
∂V

V +
∂U
∂N

N (50)

But, carrying out operations according to the third rule of signs presented above we have
∂U
∂S = T
∂U
∂V = T

∂U
∂N = −P

(51)
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Thereby

U = TS + µN − PV (52)

Equation 052 is named Thermodynamics Euler Equation (CALLEN, 1985, p. 60) in the
representation of the energy, from which we can infer the real meaning of the Internal
Energy (U) quantity, as the sum of the Thermal, Chemical and Mechanical Energies of a
thermodynamics system.

The differential in the expression of this energy gives rise to another fundamental
thermodynamic equation, which will be demonstrated in the following section.

II.9. The Gibbs-Duhens Relation Dedution

Differentiating the Thermodynamics Euler Equation we have

dU = TdS + SdT − PdV − VdP + µdN + Ndµ (53)

dU = TdS − PdV + µdN + (SdT − VdP + Ndµ) (54)

From the Differential Mathematical Relation 27, the portion in parenthesis is identically
null. So

SdT − VdP + Ndµ = 0 (55)

Note that the Equation 28, Thermodynamics Euler Equation in the differential form,
depends on the extensive variables (S, V, N), while the Gibbs-Duhen Relations (Equation
55) depends only on the intensive variables (T, P, µ).

This Euler equation indicates that a variation of the Internal Energy is due only to the
variation of the extensive variables.

In the next section we will discuss the definition of the equation for each of the Great
Potentials of the Thermodynamics.

III. A Discussion about the Thermodynamics Great Potentials

The eight potentials of thermodynamics are articulated in the proposed cube. Four of
them are the potentials for open systems (Internal Energy, Enthalpy, Helmholtz Free Energy
and Gibbs Free Energy).

III.1. The Unnamed Potential Γ

Due to the fact that the Null Potential 0 is identically null, we can obtain, from Equation
10,

Γ = TS (56)
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It can be stated that Potential Γ is the thermodynamics Thermal Energy of a system that
is initially within the system (CORREIA & GUIMARÃES, 2020) that, when degraded, will
no longer be fully available for further Work.

In other words, this potential must be understood as the Thermal Energy that must be
extracted from the system by shrinking it down to nothing2, when the system has only
Thermal Energy.

A quantity of Thermal Energy Γ, despite being a potential quantity, can be interpreted
by Heat (CORREIA et al, 2008) only when this portion TS is in a transfer state due to the
temperature difference.

III.2. The Landaus Potential Ω

From Equation 3, it is possible to obtain:

Ω = −PV (57)

From this State Equation it can be stated that the potential Omega is an energy that,
although it is informing within the system in the mathematical format PV (CORREIA
& OLIVEIRA, 2019), when the system undergoes a thermodynamic transformation, this
amount of energy can be obtained from the System to carry out Work. PV can also be
interpreted as the amount of energy that was spent to provide a volume V of the total
volume of the Environment that was at pressure P. The negative sign that precedes the
product PV, in the Thermodynamics Euler Equation, is due to energy transfer from the
System to the Environment. Furthermore, it is the energy in the form of Work on the System,
to isolate a volume V from the total volume of the Environment.

The potential mechanical energy Omega can be interpreted as Work (CORREIA & JOSÉ,
2011) as long as the PV term is in a transfer status due to the pressure difference.

In other words, the Landau Potential must be understood as Mechanical Energy that
must be extracted from the system by shrinking it down to nothing, when the system has
only Mechanical Energy.

III.3. The Unnamed Potential I

From the Equation of State 7 or from the Equation 11, the following equation can be
obtained for the Anonymous Potential I:

I = TS − PV (58)

This equation indicates that the thermodynamic potential energy I can be interpreted
as the sum of the Thermal and Mechanical Energies that can still be removed from a
Thermodynamic System after the removal of Chemical Energy.

2Available in <https://en.wikipedia.org/wiki/Grand_potential>. Access at Sep. 23 2021.
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III.4. The Null Potential 0

O Observe in the figure of cube that the arrows of the transformations (Arrows Edges)
converge to this potential. Due to this detail, the terminology evolve from nothing (SÁ
MARTINS, 2014), apparently without physical meaning, used by many physicists, takes
on logical meaning. A thermodynamic system that is reduced to nothing is due to the
extraction of all its energy.

Another curious detail is that, due to the fact that this is null equal to zero, it facilitates
the definition of the potential energies adjacent to it, such as the Great Potential of Landau
Omega, the Great Potential Anonymous Gamma and the Potential of Gibbs G.

In the following section, Conservation Principles can be observed based on this cube.

IV. The Principles of Conservation of the Thermodynamics Potential

Energy

Making convenient symmetry operations two conservation principles can be presented,
which will be presented in the following two sections.

IV.1. The First Principle of Energy Conservation

The sum of two potential energies conjugated by one of the diagonals of either side of
the cube is equal to the sum of the potential conjugated by the other diagonal of that same
face (KOCIK, 2018, p. 11). From this symmetry rule, the following relations can be obtained:

0 + I = Ω + Γ (59)

Γ + U = I + H (60)

Γ + G = 0 + H (61)

Ω + U = I + F (62)

Ω + G = 0 + F (63)

G + U = H + F (64)

IV.2. The Second Principle of Energy Conservation

The sum of the potential energies at the ends of a main diagonal of the thermodynamic
cube is equal to the Internal Energy U (KOCIK, 2018, p. 11). From this rule the following
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relations are obtained:

0 + U = U (65)

Γ + F = U (66)

Ω + H = U (67)

G + I = U (68)

Conveniently using the Thermodynamic Cube and the symmetry rules now proposed,
the Gibbs Relations and Maxwell Identities can be obtained, without using the Legendre
Transformations, as we show in the following sections.

V. Gibbs Relations

Gibbs Relations of Thermodynamics can also be obtained through the Symmetry Rules
applied to the Thermodynamic Cube, according to the equation below.

∂

∂xi

[
φ(xi, xj, xk)

]∣∣∣∣∣
xj,xk

= ±xl (69)

Although these signs rules have already been presented in section 2.4.1.2, they follow
the following denominations:

• φ(xi, xj, xk) is a thermodynamic potential energy located at one of the cube vertices,
which depends on the variables xi,xj e xk;

• xj and xk, are the free variables kept constant, while the potential φ(xi, xj, xk) is being
derived in relation to the free variable xi;

• xl is the free variable located at the center of the side parallel to the side that contains
xi, xj or xk.

The following expressions can be obtained from these rules, the set of which is called
Gibbs Relations:

∂U
∂V

∣∣∣∣∣
S,N

=
∂ f
∂V

∣∣∣∣∣
N,T

=
∂Ω
∂V

∣∣∣∣∣
T,µ

=
∂I
∂V

∣∣∣∣∣
S,µ

= −P (70)

∂0
∂µ

∣∣∣∣∣
T,P

=
∂Ω
∂µ

∣∣∣∣∣
T,V

=
∂I
∂µ

∣∣∣∣∣
S,V

=
∂Γ
∂µ

∣∣∣∣∣
P,S

= −N (71)
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∂G
∂T

∣∣∣∣∣
P,N

=
∂0
∂T

∣∣∣∣∣
P,µ

=
∂Ω
∂T

∣∣∣∣∣
V,µ

=
∂F
∂T

∣∣∣∣∣
V,N

= −S (72)

∂U
∂N

∣∣∣∣∣
S,V

=
∂F
∂N

∣∣∣∣∣
T,V

=
∂G
∂N

∣∣∣∣∣
T,P

=
∂H
∂N

∣∣∣∣∣
P,S

= µ (73)

∂G
∂P

∣∣∣∣∣
T,µ

=
∂0
∂P

∣∣∣∣∣
T,µ

=
∂Γ
∂P

∣∣∣∣∣
S,µ

=
∂H
∂P

∣∣∣∣∣
S,N

= V (74)

∂U
∂S

∣∣∣∣∣
V,N

=
∂H
∂S

∣∣∣∣∣
P,N

=
∂Γ
∂S

∣∣∣∣∣
P,µ

=
∂I
∂S

∣∣∣∣∣
V,µ

= T (75)

VI. Maxwells Identities

Each of Maxwells Identities, called Maxwells Relations, will be obtained from Schwartzs
Theorem and from Gibbs Relations, according to the following equations:

•
∂

∂xi

(
∂

∂xj

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xk

=
∂

∂xj

(
∂

∂xi

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xk

(76)

•
∂

∂xj

(
∂

∂xk

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xi

=
∂

∂xk

(
∂

∂xj

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xi

(77)

•
∂

∂xk

(
∂

∂xi

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xj

=
∂

∂xi

(
∂

∂xk

)
[φ(xi, xj, xk)]

∣∣∣∣∣
xj

(78)

Properly applying the Gibbs Relation to each of the eight potential energies, three
Maxwells identities are obtained for each of the potential thermodynamic energies. With
that, twenty-four Maxwells Relations would be obtained, according to the deductions that
follow:

VI.1. The Internal Energy U

U = f (S,V, N)

(a)
∂

∂S

(
∂

∂V

)
U

∣∣∣∣∣
N

=
∂

∂V

(
∂

∂S

)
U

∣∣∣∣∣
N

;
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∂U
∂V

∣∣∣∣∣
N

= −P and
∂U
∂S

∣∣∣∣∣
N

= T

Then

∂

∂V
(T)

∣∣∣∣∣
N

= − ∂

∂S
(P)

∣∣∣∣∣
N

(79)

(b)
∂

∂S

(
∂

∂N

)
U

∣∣∣∣∣
V

=
∂

∂N

(
∂

∂S

)
U

∣∣∣∣∣
V

;

∂U
∂N

∣∣∣∣∣
V

= µ and
∂U
∂S

∣∣∣∣∣
V

= T

Then

∂

∂S
(µ)

∣∣∣∣∣
V

= − ∂

∂N
(T)

∣∣∣∣∣
V

(80)

(c)
∂

∂V

(
∂

∂N

)
U

∣∣∣∣∣
S

=
∂

∂N

(
∂

∂V

)
U

∣∣∣∣∣
S

;

∂U
∂N

∣∣∣∣∣
S

= µ and
∂U
∂V

∣∣∣∣∣
S

= −P

Then

∂

∂V
(µ)

∣∣∣∣∣
S

= − ∂

∂N
(P)

∣∣∣∣∣
S

(81)

VI.2. The Helmholtz Potential F

F = f (T,V, N).

(a)
∂

∂T

(
∂

∂V

)
F

∣∣∣∣∣
N

=
∂

∂V

(
∂

∂T

)
F

∣∣∣∣∣
N

;
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∂F
∂V

∣∣∣∣∣
N

= −P and
∂F
∂T

∣∣∣∣∣
N

= −S

Then

∂

∂T
(P)

∣∣∣∣∣
N

=
∂

∂V
(S)

∣∣∣∣∣
N

(82)

(b)
∂

∂T

(
∂

∂N

)
F

∣∣∣∣∣
V

=
∂

∂N

(
∂

∂T

)
F

∣∣∣∣∣
V

;

∂F
∂N

∣∣∣∣∣
V

= µ and
∂F
∂T

∣∣∣∣∣
V

= −S

Then

∂

∂T
(µ)

∣∣∣∣∣
V

= − ∂

∂N
(S)

∣∣∣∣∣
V

(83)

(c)
∂

∂V

(
∂

∂N

)
F

∣∣∣∣∣
T

=
∂

∂N

(
∂

∂V

)
F

∣∣∣∣∣
T

;

∂F
∂N

∣∣∣∣∣
T

= µ and
∂F
∂V

∣∣∣∣∣
T

= −P

Then

∂

∂V
(µ)

∣∣∣∣∣
T

= − ∂

∂N
(P)

∣∣∣∣∣
T

(84)

VI.3. The Unnamed Potential I

I = f (S,V,µ).

(a)
∂

∂S

(
∂

∂V

)
I

∣∣∣∣∣
µ

=
∂

∂V

(
∂

∂S

)
I

∣∣∣∣∣
µ

;
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∂I
∂V

∣∣∣∣∣
µ

= −P and
∂I
∂S

∣∣∣∣∣
µ

= T

Then

∂

∂V
(T)

∣∣∣∣∣
µ

= − ∂

∂S
(P)

∣∣∣∣∣
µ

(85)

(b)
∂

∂S

(
∂

∂µ

)
I

∣∣∣∣∣
V

=
∂

∂µ

(
∂

∂S

)
I

∣∣∣∣∣
V

;

∂I
∂µ

∣∣∣∣∣
V

= −N and
∂I
∂S

∣∣∣∣∣
V

= T

Then

∂

∂µ
(T)

∣∣∣∣∣
V

= − ∂

∂S
(N)

∣∣∣∣∣
V

(86)

(c)
∂

∂V

(
∂

∂µ

)
I

∣∣∣∣∣
S

=
∂

∂µ

(
∂

∂V

)
I

∣∣∣∣∣
S

;

∂I
∂µ

∣∣∣∣∣
S

= −N and
∂I
∂V

∣∣∣∣∣
S

= −P

Then

∂

∂V
(N)

∣∣∣∣∣
S

=
∂

∂µ
(P)

∣∣∣∣∣
S

(87)

VI.4. The Entalpy H

H = f (S, P, N).

(a)
∂

∂S

(
∂

∂P

)
H

∣∣∣∣∣
N

=
∂

∂P

(
∂

∂S

)
H

∣∣∣∣∣
N

;
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∂H
∂P

∣∣∣∣∣
N

= V and
∂H
∂S

∣∣∣∣∣
N

= T

Then

∂

∂S
(V)

∣∣∣∣∣
N

=
∂

∂P
(T)

∣∣∣∣∣
N

(88)

(b)
∂

∂S

(
∂

∂N

)
H

∣∣∣∣∣
P

=
∂

∂N

(
∂

∂S

)
H

∣∣∣∣∣
P

;

∂H
∂N

∣∣∣∣∣
P

= µ and
∂H
∂S

∣∣∣∣∣
P

= T

Then

∂

∂S
(µ)

∣∣∣∣∣
P

=
∂

∂N
(T)

∣∣∣∣∣
P

(89)

(c)
∂

∂P

(
∂

∂N

)
H

∣∣∣∣∣
S

=
∂

∂N

(
∂

∂P

)
H

∣∣∣∣∣
S

;

∂H
∂N

∣∣∣∣∣
S

= µ and
∂H
∂P

∣∣∣∣∣
S

= V

Then

∂

∂P
(µ)

∣∣∣∣∣
S

=
∂

∂N
(V)

∣∣∣∣∣
S

(90)

VI.5. The Unnamed Potential Γ

Γ = f (S, P,µ).

(a)
∂

∂S

(
∂

∂P

)
Γ

∣∣∣∣∣
µ

=
∂

∂P

(
∂

∂S

)
Γ

∣∣∣∣∣
µ

;
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∂Γ
∂P

∣∣∣∣∣
µ

= V and
∂Γ
∂S

∣∣∣∣∣
µ

= T

Then

∂

∂P
(T)

∣∣∣∣∣
µ

=
∂

∂S
(V)

∣∣∣∣∣
µ

(91)

(b)
∂

∂S

(
∂

∂µ

)
Γ

∣∣∣∣∣
P

=
∂

∂µ

(
∂

∂S

)
Γ

∣∣∣∣∣
P

;

∂Γ
∂µ

∣∣∣∣∣
P

= −N and
∂Γ
∂S

∣∣∣∣∣
P

= T

Then

∂

∂µ
(T)

∣∣∣∣∣
P

= − ∂

∂S
(N)

∣∣∣∣∣
P

(92)

(c)
∂

∂P

(
∂

∂µ

)
Γ

∣∣∣∣∣
S

=
∂

∂µ

(
∂

∂P

)
Γ

∣∣∣∣∣
S

;

∂Γ
∂µ

∣∣∣∣∣
S

= −N and
∂Γ
∂P

∣∣∣∣∣
S

= V

Then

∂

∂µ
(V)

∣∣∣∣∣
S

= − ∂

∂P
(N)

∣∣∣∣∣
S

(93)

VI.6. The Gibbs Potential G

G = f (T, P, N).

(a)
∂

∂T

(
∂

∂P

)
G

∣∣∣∣∣
N

=
∂

∂P

(
∂

∂T

)
G

∣∣∣∣∣
N

;
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∂G
∂P

∣∣∣∣∣
N

= V and
∂G
∂T

∣∣∣∣∣
N

= −S

Then

∂

∂T
(V)

∣∣∣∣∣
N

= − ∂

∂P
(S)

∣∣∣∣∣
N

(94)

(b)
∂

∂T

(
∂

∂N

)
G

∣∣∣∣∣
P

=
∂

∂N

(
∂

∂T

)
G

∣∣∣∣∣
P

;

∂G
∂N

∣∣∣∣∣
P

= µ and
∂G
∂T

∣∣∣∣∣
P

= −S

Then

∂

∂T
(µ)

∣∣∣∣∣
P

= − ∂

∂N
(S)

∣∣∣∣∣
P

(95)

(c)
∂

∂P

(
∂

∂N

)
G

∣∣∣∣∣
T

=
∂

∂N

(
∂

∂P

)
G

∣∣∣∣∣
T

;

∂G
∂N

∣∣∣∣∣
T

= −µ and
∂G
∂P

∣∣∣∣∣
T

= V

Then

∂

∂P
(µ)

∣∣∣∣∣
T

=
∂

∂N
(V)

∣∣∣∣∣
T

(96)

VI.7. The Landau Potential Ω

Ω = f (T,V,µ).

(a)
∂

∂T

(
∂

∂V

)
Ω

∣∣∣∣∣
µ

=
∂

∂V

(
∂

∂T

)
Ω

∣∣∣∣∣
µ

;
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∂Ω
∂V

∣∣∣∣∣
µ

= −P and
∂Ω
∂T

∣∣∣∣∣
µ

= −S

Then

∂

∂V
(S)

∣∣∣∣∣
µ

=
∂

∂T
(P)

∣∣∣∣∣
µ

(97)

(b)
∂

∂T

(
∂

∂µ

)
Ω

∣∣∣∣∣
V

=
∂

∂µ

(
∂

∂T

)
Ω

∣∣∣∣∣
V

;

∂Ω
∂µ

∣∣∣∣∣
V

= µ and
∂Ω
∂T

∣∣∣∣∣
V

= −S

Then

∂

∂T
(N)

∣∣∣∣∣
V

=
∂

∂µ
(S)

∣∣∣∣∣
V

(98)

(c)
∂

∂V

(
∂

∂µ

)
Ω

∣∣∣∣∣
T

=
∂

∂µ

(
∂

∂V

)
Ω

∣∣∣∣∣
T

;

∂Ω
∂µ

∣∣∣∣∣
T

= −N and
∂Ω
∂V

∣∣∣∣∣
T

= −P.

Then

∂

∂V
(N)

∣∣∣∣∣
T

=
∂

∂µ
(P)

∣∣∣∣∣
T

(99)

VI.8. The Null Potential 0

0 = f (T, P,µ).

(a)
∂

∂T

(
∂

∂P

)
0

∣∣∣∣∣
µ

=
∂

∂P

(
∂

∂T

)
0

∣∣∣∣∣
µ

;
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∂0
∂P

∣∣∣∣∣
µ

= V and
∂0
∂T

∣∣∣∣∣
µ

= −S

Then

∂

∂T
(V)

∣∣∣∣∣
µ

= − ∂

∂P
(S)

∣∣∣∣∣
µ

(100)

(b)
∂

∂T

(
∂

∂µ

)
0

∣∣∣∣∣
P

=
∂

∂µ

(
∂

∂T

)
0

∣∣∣∣∣
P

;

∂0
∂µ

∣∣∣∣∣
P

= −N and
∂0
∂T

∣∣∣∣∣
P

= −S

Then

∂

∂T
(N)

∣∣∣∣∣
P

=
∂

∂µ
(S)

∣∣∣∣∣
P

(101)

(c)
∂

∂P

(
∂

∂µ

)
0

∣∣∣∣∣
T

=
∂

∂µ

(
∂

∂P

)
0

∣∣∣∣∣
T

;

∂0
∂µ

∣∣∣∣∣
T

= −N and
∂0
∂P

∣∣∣∣∣
T

= V.

Then

∂

∂µ
(V)

∣∣∣∣∣
T

= − ∂

∂P
(N)

∣∣∣∣∣
T

(102)

The twenty-four expressions above would belong to such Thermodynamics Maxwell
Identities. Callen (1985, p. 182-183) claims that there are only twenty-one maxwell relations,
because he considers that there are only seven potential energies. But, only twelve of these
twenty-four expressions would be enough. However, when regrouping these last twelve
remaining equations, there would still duplication of the half of the equations, which would
be with inverted derivatives. Thus, six more equations can be neglected so that only six
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distinct equations remain. Finally, we present Maxwells Identities of Thermodynamics:

∂

∂V
(T)

∣∣∣∣∣
N,µ

= − ∂

∂S
(P)

∣∣∣∣∣
N,µ

(103)

∂

∂T
(µ)

∣∣∣∣∣
V,P

= − ∂

∂N
(S)

∣∣∣∣∣
V,P

(104)

∂

∂S
(µ)

∣∣∣∣∣
V,P

= − ∂

∂N
(T)

∣∣∣∣∣
V,P

(105)

∂

∂V
(µ)

∣∣∣∣∣
S,T

= − ∂

∂N
(P)

∣∣∣∣∣
S,T

(106)

∂

∂T
(P)

∣∣∣∣∣
N,µ

=
∂

∂V
(S)

∣∣∣∣∣
N,µ

(107)

∂

∂V
(N)

∣∣∣∣∣
S,T

=
∂

∂µ
(P)

∣∣∣∣∣
S,T

(108)

VII. Discussions

In this paper, we present a new interpretation for Internal Energy U, whose rereading of
the Thermodynamics Euler Equation expands the understanding of the energies inherent
to a Thermodynamic System that already contains Thermal Energy TS, with positive sign,
Chemical Energy µN, also with positive sign and Mechanical Energy PV with a negative
sign. The negative sign of this Mechanical Energy is due to the Work done previously on
the Environment to insert the system in that Environment.

Although the image of the proposed cube does not explicitly show the causes of the
transfer of Thermal, Mechanical or Chemical Energies, these processes, resulting from
thermodynamic imbalance, will only occur if there is a difference in temperatures, pressures
or chemical potentials of interacting systems. Thus, there will be a change in the values of
the quantities TS, PV and µN, in case to occur a thermodynamic transformation. In these
situations, the values of T, P and µ cannot be fixed.

Note that the Arrows Edge of the cube diverge from the Internal Energy U and converge
to the Null Potential 0. Following this path, always in the same direction, from the Internal
Energy, each Arrow Edge represents the extraction of energy from the previous state due
to the transformation of the System. After the withdrawal of the three energy terms, the
thermodynamic system will end up in its zero internal energy, making logical meaning the
jargon reduce a system to nothing (SÁ MARTINS, 2014).
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VIII. Conclusions

Although there is a consolidated algebra that equates the Laws and Relations of Equi-
librium Thermodynamics, a Thermodynamic Cube and the Symmetrical Rules proper for
obtaining Maxwell Identities, obtaining Euler Differential Relations, abstaining from Gibbs
relations, obtaining the Gibbs-Duhen relation and obtaining the Euler relation from thermo-
dynamics of simple systems without the application of Legendre Transformations, aiming
to minimize efforts to obtain the matematical expressions of classical thermodynamics, as
well as the to facilitate the teaching and learning of the theory of the Great Potentials of
Thermodynamics.

In this sense, this E-Digraph model proposed here aims to facilitate obtaining the inter-
relations between free energies and between Thermodynamic Potential Energies for open
systems, aiming to give meaning to the Great Potentials of Thermodynamics, since the
scientific literature still deals with them very superficially.

It was observed during the elaboration of this article that Thermodynamics for Open
Systems is a field that still needs investigation and epistemological analysis, even lacking a
more concise elaboration and presentation of the definitions that involve the Great Potentials.
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