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Abstract: In the context of cyclic plasticity, Chaboche’s kinematic hardening model is well-known once it is capable of
properly capturing the Bauschinger effect. In spite of its relative simplicity, Chaboche’s model allows a good description
of material nonlinearities for ductile metallic materials. In this setting, this paper aims to present a comprehensive
guideline for the implementation of Chaboche's plasticity kinematic hardening model in the context of finite element
analysis. A detailed strategy for the resolution of the elastoplastic problem (return mapping) as well as for the
computation of the consistent tangent operator are presented. Both 2D and 3D numerical implementation strategies
are addressed. In the end, a few numerical examples are presented demonstrating the accuracy and applicability of
the methodology presented, where analytical solutions were used for validation. This paper also investigates the
influence of the implicit integration strategy employed in the resolution of the elastoplastic equations showing that,
for the material and loading conditions here assessed, results from a fully implicit integration scheme are nearly
identical to those obtained by a standard trapezoidal rule.
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1. Introduction

Lately, strong optimum designing requirements such as weight reduction and structural reliability made by the
modern industry forces constantly researches and engineers to use more sophisticated material models. In the context
of ductile metals subjected to cyclic loads, the use of kinematic hardening rules properly accounting material's
elastoplastic behaviour might become strongly necessary mainly in the low cycle fatigue regime, where plastic strains
may inevitably occur. In this setting, Chaboche’s kinematic hardening model (Chaboche, 1986) standouts once it is
capable of properly capturing the Bauschinger effect, which is exhibited, with more or less extent, by ductile metals
experiencing cyclic loads. This paper presents a detailed procedure for the implementation of the well-known
Chaboche's model in the context of finite element (FE) analysis when considering small strains. For so, von Mises yield
surface and an associative flow rule are adopted in the resolution of the elastoplatic problem. Besides, rather than
focusing on the applicability and limitations of the nonlinear kinematic rule considered in this work, attention is paid to
the formulation and development of all the equations necessary for implementation in FE applications. In the next,
one presents the fundamental mathematical relations governing the problem studied.

According to von Mises yield criterion we have the following yield function:

f=1sI-+2/36,<0 (1)
where a given material is under the elastic regime whenever f < 0, § is the deviatoric part of Cauchy’s stress tensor,
o, and g, is the material initial yield stress. On the other hand, f =0 in Eq. (1) implies that the material is
experiencing plastic flow. When considering kinematic hardening behavior (Prager, 1949; Armstrong and Frederick,
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1966; Chaboche, 1986), Eq. (1) can be modified by assuming that the elastic domain can be shifted on the deviatoric
stress space while keeping its shape unchanged (translation):

f=ISs-Bl-+2/35,<0 (2)
where B is the back stress tensor. According to Chaboche's model (Chaboche, 1986), for time-independent plastic
behaviour, the back stress tensor can be decomposed in a number (m) of Armstrong and Frederick nonlinear kinematic
hardening rules:

B=Zl?i (3)
=1
2|2 _
ﬂi=§Hi€p— §biﬂi||£p|| (4)

where H; and b; are material parameters, which can be obtained from tension-compression tests and &P is the
plastic strain rate. The latter can be defined as:

& =yN (5)
where y is the plastic multiplier rate and N, by assuming an associative hardening rule, can be expressed as:

_of
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Notice that, the plastic multiplier rate, y, and the yield surface, f, must obey the following relation:

N
By differentiating Eq. (2) with respect to o:

yf=0 (8)

Eq. (8) is commonly referred as Kuhn-Tucker complementary conditions, where, if the material experiences plastic flow,
y >0 and f = 0, otherwise, under purely elastic strain rates, y =0 and f < 0.

Elastoplasticity models like the one here presented are mostly integrated by means of the radial return algorithm
(Wilkins, 1963; Simo and Taylor, 1986; Malcher and Mamiya, 2014; Lopes and Malcher, 2017). In this type of algorithm,
a purely elastic trial state is commonly followed by a plastic corrector phase (return mapping procedure). In the next
section, a generic implicit integration scheme for the resolution of the elastoplastic problem is presented, where it starts
by assuming that the total plastic strain rate, &, can be additively decomposed as:

£=E°+ &P (9)

It is worth mentioning that there are many numerical strategies available in the literature for the numerical
integration and resolution of cyclic plasticity models such as the one addressed in this work. Most of them make use of
implicit methods for the integration of time rate variables. Even though explicit methods are easier to implement, they
demand fine loading history discretizations in order to provide accurate solutions, which might become prohibitive
when considering the computational cost in FE analyses. Concerning the implicit methods, this work presents a more
generic approach, which can be easily reproduced in the implementation of more complex cyclic plasticity models.
However, it should be pointed out that there are other strategies in the literature based on the reduction, through
mathematical manipulations, of the unknown variables appearing in the resolution of elastoplastic problem (Hartmann
and Haupt, 1993; Hopperstad and Remseth, 1995; Ohno et al., 2013). In (Doghri, 1993), on the other hand, authors
focus on the determination of closed form expressions that can be explicitly evaluated in the application of the Newton-
Raphson method during problem’s resolution. Once this approach avoids the successive resolution of linear systems, it
is computationally more efficient. However, its application depends on the obtaining of closed form equations that
might be unlikely for complex plasticity models.

The remaining of the paper is organized as follows: Section 2 details the strategy concerning the integration and
resolution of the elastoplatic problem. It also presents the procedure used to obtain the consistent tangent matrix,
which is necessary in the FE computations. The FE formulation on the other hand is addressed in Section 3. In Section
4, numerical examples are solved allowing the validation of the numerical procedures detailed in this work. Finally,
Section 5 addresses conclusions and final remarks.

2. Integration elastoplastic problem
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2.1 Basic formulation

Let [0,T] € R be the time of interest in the resolution of a given problem. Assume that the solution of the
problem is known up to t, € [0, T], which includes elastic and plastic variables. In this case, for t,,; € [0, T], the trial
elastic strain tensor is defined as:

sgtrial — s‘fl + Ag (10)
where Ae comes from the resolution of the FE problem at t,, . Note that the trial state is nothing but assuming that
the strain increment Ag is purely elastic (Eq. (9)).

From Eq. (10) the trial stress at t,,,; can be readily obtained through Hooke's law:

ogtrial = |- £et7”l'al (11)
where D is Hooke's linear elastic tensor.

Once the trial state assumes that Ag is purely elastic, we conclude that the trial plastic variables remain
unchanged in [ty t,41], i-€.

£ptrial — sz (12)
and
Btrial — Bn (13)

From Egs. (11) and (13) we can compute the trial yield function:
ftrial — ”Strial _ Btrl‘al” _ ggy (14)

where if £l < 0, the trial state holds true and all the variables at t,,; can be updated according to:

(nsr = (D! (15)
Otherwise, the process is elastoplastic in [t,, t,4+1] and the return mapping (plastic corrector) procedure described
below has to be applied, which consists in satisfying the following set of nonlinear equations:

Ony1 = gtrial — AyD: [aNn+1 +(1- a)Nn] (16)
2 2
Bini1 =Bin + §HiAV[aNn+1 + (1 —-a)N,] - §bi[aﬂi,n+1 + (1 - a)Bin]oy (17)
2 _
1Sr+1 = Braall — §0'y =0 (18)

where the unknowns are @,.1, B;n+1(i =1 to m)and Ay. In order to obtain Egs. (16) and (17), (i) a generalized
trapezoidal integration rule has been considered, where a € [0,1], (ii) AgP has been obtained from the numerical
integration of Eq. (5), i.e. AeP = Ay[aN,,.,; + (1 —a)N,] and (iii) Eq. (16) was obtained by deducting the “stress
contribution” of the plastic strain increment (ID: AgP) in the trial stress (Eq. (11)). Finally, Eq. (18) is simply the
enforcement of Eq. (8) when plastic flow takes place, i.e. f = 0. The procedure for the resolution of this system of
equations is presented in the next subsection.

2.2 Resolution of the elastoplastic problem

The system of nonlinear equations formed by Egs. (16)-(18) can be efficiently solved through the quadratically
convergent Newton-Raphson method (Souza Neto et al., 2011). In this setting, let one defines the following residuals
for this system of equations:

Ran+1 =0n41 — o.trial + A}/D [aNn+1 + (1 - a)Nn] (19)
2 B 2
Ry = Binr = Bin —5 HidYQ [aNn41 + (1 — )N, ] + §bi[aﬁi,n+1 + (1 — a)Byn]Ay (20)
T 2 7
an+1 = \/(Sn+1 - Bn+1) Q(Sn+1 - Bn+1) - go-y (21)

where, for the sake of convenience, terms appearing in Egs. (16)-(18) were rewritten in matrix form according to the
following definitions:
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o=[o, 0 0 Toy Tz Tz (22)
B=[Bc By B: Bry Buz Bya] (23)
e=[e, & & 26 26z 28] (24)
e =[ef &f & 268, 2eh, 26| (25)
S = Po (26)
f=J6—BYQ6—B%\E® (27)

Expressions for the Hooke's matrix, D, the deviatoric transformation, P, and the matrix Q are given in Appendix A.
The matrix, Q, apropos, is a linear transformation which yields (S —B)TQ(S — B) = (S — B): (S — B). Notice that,
N, Egs. (19) and (20), is defined as follows:
_ Q(S—B)
J(E-BTQ(S - B)

In this case, it is also worth noting that Q™! appearing in Eq. (20) is introduced in order to ensure consistency with the
definition of the back stress terms (see Egs. (4), (5) and (7)).

With the residual equations in hands, the Newton-Raphson scheme leads to the solution of the following linearized
system:

(28)

_6R0n+1 aR¢7n+1 aRﬂn+1 1%
00041 OBjn+1 dAy R 103
aR aR aR 604 On+1
Bin+1 Bint1 Bin+1 _
SB]' n+1| = — R|3i n+1 (29)
00,41 OBjn+1 oAy SAy Rf'
aan+1 aan+1 aan+1 m
[ 00nt+1 OBjn+r dAy
where at the end of k" iteration, the problem's solution is given by:
Opil = Ons1 + 80,4, (30)
B;cjl-li-l = B?,n+1 + 5Bj,n+1 (31)
Ay*H = Ay* + SAy (32)

This iterative process is terminated when convergence is achieved. The derivatives appearing in Eq. (29) are given in
Appendix A. § in Egs. (29)-(32) denotes increments of the unknown variables towards the problem’s solution.

2.3. Consistent tangent matrix computation

This section presents the derivation of the consistent tangent matrix. In order to ensure a quadratic rate of
convergence of the Newton-Raphson method in the FE analysis, the consistent tangent matrix needs to be computed

as follows (more details in Section 3):

00,44

DeP (33)

6£n+1
In this case, recall that from the resolution of the elastoplastic problem provided in the last subsection, the
following set of equations holds true:
€nt1 — gefrial 4 Ay[aN,,; + (1 —a)N,] =0 (34)

2 2
Bi,n+1 - Bi,n - §HiAVQ_1[aNn+1 + (1 - a)Nn] + §bi[aBi,n+1 + (1 - a)Bi,n]Ay =0 (35)
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T z
\/(Sn+1 - Bn+1) Q(Sn+1 - Bn+1) - §Uy =0 (36)
The linearization of the above system of equations Ieads to:
M;; M;; Mg dS
M;; M;, My dB; (37)
M3, Mz, 0 l]|day
where
ON
Mll = D 1 + OCA)/ a (38)
M.. = gA )\
12 =@ VaBj (39)
M13 = N (40)
M, = 2H A _16N (41)
21773 iadyQ 90
2 2 1 ON
MZZ = 6ij 1+ §bL(ZA]/ I—ngaAyQ a—BJ (42)
2 -1N
Ma = —(2HQ N~ 20, (43)
M, =N’ (44)
of af
M;, = -_—, — = —NT
32 38, 38, (45)

For the sake of notation convenience, subscripts n + 1 have been dropped as well as N and Ei were defined
according to:
N=aN,;; + (1 - a)N, (46)

Bi = aBins1 + (1 —)Biy (47)
Expressions for dN/de and dN/dB; are given in Appendix A and §;; in Eq. (42) refers to the Kronecker delta. It is
also worth noticing that, in the linearization of Egs. (34)-(36), the following relations have been used:

de¢ =D 'g, de®™™ =de (48)
Finally, from the inversion of Eq. (37) one has:
do M;, 12 M31 " [de
dB;| = |My, 22 M23l [ l (49)
dA)/ M31
which leads to:
D = [M™1],, (50)

where [M™1];; represents the matrix that relates do with de.

2.4 Particularizing for 2D analyses

In the previous subsection, all formulations concerning the resolution of the elastoplastic problem were set
considering generic 3D problems. For the resolution of 2D problems, a few modifications have to be made.

When dealing with plane strain or axisymmetric problems, these modifications are straightforward. In this case, in
the definition of o, B;, € and €P, Egs. (22)-(25), we only need to remove the last two terms of these matrices, i.e. the
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(*)xz and (*)y, components. Consequently, the matrices P, Eq. (26), and Q, Eq. (27), have their last two rows and
columns removed becoming 4 X 4 matrices. After so, the whole resolution procedure presented in the last
subsections remains the same.

More specifically, for plane strain assumptions, the Ag, component of the total strain increment is always 0. In
this setting, after the computation of the consistent tangent matrix, D? (4 X 4 matrix), its 3rd row and 3rd column
might be removed generatinga 3 X 3 matrix as input for FE computations.

For plane stress constraint enforcement (i.e. o, = 0), a few additional changes have to be made. For more details,
the reader is referred to appendix B.

3. FE formulation

Consider that 0 is the domain occupied by a given body with open boundaries that at a certain time instant t €
[0,T] € R can be distinguished in two different sets I;; and I. The first one is the part of the boundary where
displacements are prescribed, whereas, the second one holds for the part of the boundary where external tractions, f;,
are prescribed. In this setting, for small strains and quasi-static conditions, the equilibrium equation of this problem can
be expressed in terms of its weak formulation by:

f ew)lod2 = j wTf,dQ + f wrf.dr, vYw e W (51)

0 Ty

for the following solution and weighting spaces, respectively:
U, = {u(®):Q - R3|u(t) € H*(Q),u(t) = uyin I} (52)
W={w:0- R3weH(Q),w=0inTy} (53)

where u is displacement field, f, the body forces and w is the weight function. For the sake of convenience,
problem's weak formulation has been expressed in matrix notation. In this setting, by considering the FE method
approximations (Fish, 2007; Kim, 2014), i.e. w = N(X)W and g(w) = B(x)W, Eq. (51) becomes:

wT J BTed — J NTf,dQ — j N7fdlr | =0 (54)
0 0 Ty
where W are the nodal values of the weight function w, N is the FE polynomial shape function and B is the
operator that relates nodal displacements with strain over the domain (. For the resolution of linear elastic problems,
Eq. (54) can be readily solved through the resolution of a linear system. However, if considering material nonlinearities,
such as the one addressed in this paper, Eq. (54) cannot be solved directly and iterative procedures like the Newton-
Raphson scheme have to be applied. In this case, let us first define the following residual at the k! iteration:

RF = J BT¢*dn — J NTf,dQ — j NTf.dr (55)
0 'y
Notice that for R = 0 Egs. (54) and (55) are equivalent due to the arbitrariness of W.
Therefore, the Newton-Raphson iteration scheme in the resolution of the residue R leads to the solution of the
following linearized problem:
K5SU = —R¥ (56)

Ukt = Uk + 6U (57)
where U are the nodal displacements and the tangent stiffness matrix is given by:

OR Tyep
K, =0 K. = | BTD®’Bd (58)
)
with D®P defined as:
%]
per = 29 (59)

e
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For purely elastic strain increments, D¢P, is simply given by the Hooke's matrix, D, otherwise, for elastoplastic steps,
it is obtained from the return mapping procedure presented in the last section.

For implementation purposes, see Boxes 1 and 2. The former summarizes the algorithmic procedures for the
solution of the elastoplastic FE problem. The latter focuses on the resolution of the elastoplastic problem itself.

Box 1: Resolution FE problem
Input: Material parameters, displacement field, elastic variables, plastic variables and FE tangent matrix at t,
and boundary conditions at t,,4

Output: Displacement field, elastic variables, plastic variables, and FE tangent matrix at t,
Initialization: k =0, U, = Uy, Ky = Kipy
Rk = fﬂ BTO'nd.Q - fﬂ Nbe‘n+1dQ - fro' NTft-‘n+1d1—'
While error > tol and k < kp.«
Kf6U = —R*
Un+1 < Un+1 +6U
k<k+1

For each gauss point:

Compute Age = B(U,;; —U,)
Obtain D*P, elastic and plastic variables (Box. 2)

End

Update the residual R, ;; and the tangent matrix K1, Eqs (55) and (58), respectively.
Define a convergence criterion (for example):

— T
error = /Rn+1Rn+1

If k=k,.x then convergence was not achieved.
Reduce time step increment and repeat previous instructions.

End

Box 2: Resolution elastoplastic problem

Input: Ag, material parameters, elastic and plastic variables at ¢,
Output: Elastic variables, plastic variables and D at t,,,
1) Given the strain increment Ag compute the trial state variables:

trial i trial
getrial _ 8% + Asg, glrial — pget™a
trial _ _p etrial __
v - sn' B - Bn

2) Compute el (Eq. (27) or (83)). If fiTel <0 then:

(D1 = (DT

Otherwise, solve Egs. (29-32) to obtain 6,1, B;n+1 and Ay.Then calculate:

Asfﬁl = A)/[a‘Nn+1 + (1 — a)Nn]
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p _ W p e _ etrial 14 _
€rr1 = &En + A(’:n+1' Ep =€ - A(’:n+1: Bn+1 - ZBi,n+1

3) Compute the consistent tangent operator D¥ . (Eq. (50)). If the step is

n+1
. ep .
elastic, D, =D

4) If considering plane stress conditions:

ef = —v(o, + 0,)/E €} = —(er +¢})

4. Numerical examples

This paper focuses on the FE implementation of Chaboche's nonlinear kinematic hardening law. In this section,
simple numerical examples are presented in order to assess the theories and implementation procedures addressed in
the previous sections. Implementations were carried out in an in-house MATLAB code. In this setting, let one first
consider a uniaxial tension-compression test subjected to fully reversed loading cycles. Such simple problem can be
solved by considering a single plane stress element as depicted in Figure 1. Besides, this problem also possesses
analytical solution, which is obtained through the exact integration of Chaboche's kinematic hardening law when
considering one-dimensional plasticity (see Appendix C).

[
>
Ug
[ [
-
[ Ug

Figure 1. Uniaxial tension-compression test.

For the resolution of the FE problem, consider the plane stress element with dimension [ = 2 mm depicted in
Figure 1. The referred problem was solved considering a sinusoidal fully reversed prescribed displacement u,; varying
between + 0.4 mm (element's right edge). During the simulation, two repeated loading cycles were considered in the
analysis, where each loading cycle was divided in around 25 loading increments. In addition, the following material
parameters for a 7075-T651 aluminium alloy were considered in all the FE simulations presented in this paper: Young
Modulus E = 71(10%) MPa, Poisson's ratio v = 0.33 and initial yield stress g, = 431 MPa. The kinematic
hardening terms utilized were H;_; = 8.10(10%),66.7(10%),160(10%) (MPa) and b;_; = 129.8,939.7,0. The
determination of &,, H;_3 and b;_; followed the parameter identification procedure described in appendix D,
which was applied to stabilized stress-plastic strain hysteresis loops provided in (Jiang and Zhang, 2008). Notice that
here only three back stress terms were considered in the analysis (m = 3 in Eq. (3)) with the last one being linear, i.e.
b; = 0. Generally, such assumption already reproduces properly experimental observations (Chaboche, 1986).

Figure 2 shows a comparison between the FE results and the analytic solution for the aforementioned tension-
compression test. In the integration of the elastoplastic algorithm, the standard trapezoidal rule has been used, i.e. a =
1/2 in Egs. (16)-(17). As can be seen, a coarse loading history discretization already provides satisfactory results.
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Figure 2. Uniaxial stress-strain curve.

Another very simple numerical example that can be used to validate the numerical implementations consists in
modelling a pure shear cyclic test. For so, consider the schematic model depicted in Figure 3. In this case, one has a
rectangular bar with length, [, and height, h. For the sake of simplicity, this problem is modelled considering plane
stress enforcement. Now consider that the lower edge of such bar is clamped while its upper edge is subjected to a
uniform prescribed displacement u,; in the horizontal direction. Note that the upper edge is free to move vertically. In
this setting, as long as [ > h (let ussay [/h > 8), the stress state far form the lateral edges can be regarded as pure

shear (Figure 3).

—

\
L7 77777777777 7777777777777 777 TTTRIITEIIT7 7777777777777

Y

L.

Figure 3. Schematic representation of the pure shear test.

Figure 4 compares the analytical results with the FE ones when considering [ =10 mm, h=1 mm and a
prescribed displacement, u,, varying sinusoidally between +0,0346 mm. As in the uniaxial test example, two loading
cycles were simulated. Quadrangular linear elements with dimension 0.5 mm were used in the simulation. Each loading
cycle consisted of 50 loading increments. Integration of elastoplastic equations were carried out adopting the standard
trapezoidal rule. As can be seen in Figure 4, there is a good accordance between the numerical and exact solutions.

The last example here presented consists in the resolution of the axially loaded V-notched round bar problem
illustrated in Figure 5. Due to the circumferential symmetry found in this problem, it was solved by considering an
axisymmetric FE model. Geometry characteristics here adopted were D =30 mm, ¢ =3 mm, p = 0.8 mm and
¢ = 60°. The prescribed axial stress, o(t), was defined according to a sinusoidal distribution with mean and amplitude
values setto o, = 120 MPaand o, = 160 MPa, respectively.
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Figure 4. Shear stress-strain curve (yyy, = 2&y,).
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Figure 5. Schematic representation of an axially loaded V-notched round bar.

Figure 6 depicts the FE model considered in the resolution of this problem. In the simulation, loading history was
split in two steps. During the first step, the mean stress o, is prescribed monotonically on the bar upper edge, while
its left and bottom edges are prevented to displace in the horizontal and vertical directions, respectively. Notice that
only one fourth of the problem is simulated due to symmetry. The second step, on the other hand, consists in prescribing
the alternate stress o,, whereas the mean stress o, is held constant. Two periodic cycles are accounted in the second
step. The first step was divided in 4 loading increments while each cycle of the second step was divided in 16 loading
increments.

Figure 7 shows the distribution of the normal stress components along the notch bisector for the maximum
prescribed stress o (Figure 6) at second prescribed loading cycle. Differently to what happens for the elastic case,
higher stresses are not observed right at the notch root. In this case, once the material experience plastic flow, residual
strains at the notch root might be causing a stress relief (Liao et al., 2020).

Stress-strain curves for the axial (y direction) and out of plane stress components (z) at the notch root are
depicted in Figure 8. Only two loading cycles were simulated since stress-strain hysteresis remain nearly the same for
further prescribed loading cycles. This figure also compares, for both these stress components, the influence of the
choice of a in the integration of the elastoplastic problem. As can be seen, both values of a lead to nearly the same
results. As a reminder, @ = 0.5 stands for a standard trapezoidal rule, whereas a =1 means a fully implicit
(backward Euler) integration scheme. An a = 0, i.e. a fully explicit (forward Euler) integration scheme, was also tested,
however, it demanded load increments 4 times smaller in order to converge and lead to the same level of accuracy of
the implicit integration strategies.
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20 mm
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Figure 6. V-notched round bar numerical model. The coordinate system origin is at the bottom left corner (mesh
generated with the free software Gmsh).
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Figure 7. Maximum stress distribution along the notch bisector.

Figure 9 gives some insight concerning convergence aspects of the implicit elastoplastic FE implementation
addressed in this paper. Figure 9(a) shows the convergence rate based on the Euclidean norm of the residual vector R¥
(Eq. (55)) for the time instants A and B illustrated in Figure 9(b). As can be seen, these results exhibit quadratic rate of
convergence. It also worth highlighting that no line search procedure was necessary during the iteration process. Notice
as well that time instants “A” and “B” were chosen only to illustrate the convergence behavior of the numerical method,
however, same patterns are observed for other times instants.



RIPE 2021, Vol. 7, N° 1, 1-17 12

800 T T 400
600 | 300
400 |
200
~ N
& 200 | ]
[ &y 100
S 0 =
p—g N’
- ~ 0
g -200 | B
400 109
a=0.5
-600 | ——=a=10| - -200
-800 . - . - -300
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
&y €z x 102
(a) (b)
Figure 8. Stress-strain curves at the notch root: (a) axial and (b) out of plane direction.
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Figure 9. (a) Convergence behaviour of the FE Newton-Raphson scheme for the different instants (b) A and B.

5. Final remarks

This paper presented the formulation and all the necessary tools for the implicit implementation of Chaboche's
kinematic hardening model in the context of FE analysis. A detailed strategy for the computation of the consistent
tangent operator, which is essential to ensure quadratic rates of convergence of the FE analysis, has been presented.
Two very simple examples were assessed in order to validate the numerical implementations. In this case, direct
comparisons with analytical solutions allowed the validation of the numerical procedure here described. A third example
containing a stress raiser was also investigated in an attempt to evaluate the numerical model capabilities when dealing
with more complex problems. In this case, once the material experience high levels of plastic flow near the notch root,
residual strains at this region cause a stress relief (Liao et al., 2020), which was properly accounted by the numerical
model. It has been also shown that, at least for the studied cases here investigated, integration of the elastoplastic
equations by considering a fully implicit or a standard trapezoidal scheme lead to nearly the same results. In this case,
the choice of the fully implicit strategy (¢ = 1) seems more advantageous once it produces shorter equations, which in
turn implies in fewer calculations.

Appendix A

The Hooke's matrix is given by:
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where A and pu are the Lamé constants:
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The deviatoric matrix is given by:
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The transformation Q is given by:

o

I
——
cococ oo R
cococor o
cocoro O
coNnNoOOo O
oNOo oo o

The derivative of the residuals are:
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(60)
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(63)
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(69)

(70)

(71)
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where

§=Sn11— Bns1
and §;; inEq.(68)isthe Kronecker delta.

Appendix B

For plane stress assumptions, let one defines the following relevant matrices:

o=[0x Oy ‘L'xy]T
Bi = [ﬁi,x ﬁi,y ﬁi,xy]T
e=[& & 2&,]7

e =[ef &) 2£§y]T

S =Po
where
1 [ 2 -1 Ol
P= 3 -1 2 0
0 0 3
Through the definition of the following matrix:
2 1 0
= [1 2 Ol
0 0 2

the yield function can be expressed as:

2 _
f=VE-BTLE-B) - \/;Uy
From the associative hardening rule:
_ Qs-B
JE-BLS - B)

1 0 O
Q= [0 1 Ol
0 0 2

where

Notice as well that Hooke's matrix under plane stress conditions is given by:

1 v 0

_FE v 1 o0
T 1=z 1—v
0

2

14

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)

For the resolution of the elastoplastic problem when considering plane stress constraints, one needs to solve a
nonlinear system very similar to the one formed by Egs. (19)-(21). However, in this case, Q and D are given by Egs.

(85) and (86), respectively, as well as the residual of the yield function must be replaced by:
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2
an+1 = \/(Sn+1 - Bn+1)TL(Sn+1 - Bn+1) - \/;Ey (87)

The solution procedure for the nonlinear system formed by the residuals with unknowns 6,1, Bn4+1 and Ay is
presented in Subsection 2.2. The derivatives of the residuals are given by expressions Eq.(64)-(72) except by dR;/0B;

in Eq. (71) that must be replaced by:

JOR TL
fatr _ § (88)

0Bjn+1 JELE

where & is given by Eq. (75). In addition, expressions for dN,,,/86,,; (Eq. (73)) and dN, /3B, for plane

stress conditions becomes:

ON, Q g

o (P_ ETE Q) (89)
00,41 JETLE §'LE

ONpys . Q (EETL_I>
OBjn+1  JETLE\E'LE

It is worth noting that, for the computation of the consistent tangent matrix (Subsection 2.3) under plane stress
assumptions, Mj, in Eq. (45) must be replaced by:

_of o FL
_aBj' aBj_ JETLE

(90)

M32

(91)

Appendix C

For the uniaxial tension/compression case, Chaboche's kinematic hardening rule terms in the loading direction can
be expressed as:

B; = Hi€P T byB;e? (92)
where the — sign stands for positive values of € and the + one otherwise. Note that Eqg. (92) is a non-exact
ordinary differential equation, which can be reduced to its exact form and solved analytically. In this setting, the
following expression for the back stress terms can be obtained:

H; _H; _
b=t 5+ (B T3 ) exp[F(e? = &) (93)
l l
where the first choice of signals holds for (sp - 85’) positive and the second one stands for negative values of
(P —€D). Bio and €f come from the initial value problem. In addition, from the yield criterion one has that:

m
o= B|=75 (94)
i=1
Therefore, a closed form expression for o is given by:
m
o= Z {i Z—: + (,BLO F Z—:) exp[F(e? — sé’)]} + 4, (95)

i=1

In general, the use of two nonlinear terms and one linear term in the construction of the kinematic hardening rule is
already enough to properly characterize the material behaviour (Chaboche, 1986). In this case, Eq. (95) becomes:

7= i{ilz_J’ (8o IZ_) explFhu(e” — el + Ha(er — ef) £, (96)

i=1

For pure shear conditions, following the previous steps leads to a similar expression for the shear stress t.
However, notice that in this case, H; terms in the above equations must be replaced by 2/3 H;, b; by 2/+/3b; and
a, by 7, =a,/V3.
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Appendix D

Particularizing Eq. (96) for a stabilized cycle under fully reversed loading conditions, we find the following
expression:

Hl P H2 P P —
Oy = b—tanh(blea) + b—tanh(bzsa) + Hze, + 0, (97)
1 2
where o, and eg are the stress and plastic strain amplitudes, respectively. Therefore, experimental data containing
0, vs. € points can be used to fit Eq. (97) allowing the determination of parameters H;, b; and ay.

In Section 4, for the resolution of the numerical examples, o, vs. €f experimental data from (Jiang and Zhang,

2008) for an Al7075-T651 alloy have been used to calibrate parameters of Eq. (97). Figure 10 depicts such data fitted by
Ramberg-Osgood curve. The smother Ramberg-Osgood curve could then be used to fit Eq. (97) resulting in H;_; =
8.10(10%),66.7(10%),160(103) (MPa), b;_3 = 129.8,939.7 and g, =431 (MPa).

650 I T

600

c 500 O experimental data |

% —fitting o, = 765.4(c?)0963

s 450 |
400 | |
350 | | |
300 ‘ ‘ | ‘ ‘ |

0.005 0.01 0.015 0.02 0.025 0.03
€

Figure 10. Stabilized stress-strain amplitude data for the AL7075-T651 (Jiang and Zhang, 2008).
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