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Abstract. This work evaluates the oscillating rotation of a connecting-rod-crank mechanism 
as compressed air engine with input saturation control. The mechanism positions are 
controlled with a non-conservative excitement by air pressure that controls the positions of 
the angular output. It is evaluated the control of the angular position through the command 
by pneumatic valve controlled by the method of control. Initially applies control without 
restricting the maximum pressure that achieves saturation pressure in response to the control 
function. Therefore, must be limited maximum pressure in the input at 1MPa for the 
application and control in industrial pneumatic equipment. Thus, it is analyzes the parametric 
error for the angular position relative to the desired control, with and without saturation 
function. However, when applying the saturation control function checks that the system 
becomes stable despite the parametric error increase at one decimal place of 10-3 to 10-2. 
Therefore, the parametric errors obtained are suitable and can be applied to control the 
angular oscillation of the output to the compressed air engine as a stable system by 
controlling the saturation. 
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1  INTRODUCTION 

The target of the control of mechanical systems is to generate a consistent behavior 
between the actuation and response through the application of an output control function. In 
this control engineering appears a phenomenon known as saturation, which occurs mainly in 
the application of real physical variables based on their characteristics and limitations. 
Therefore, the saturation of this manipulated variable can provide inadequate results for the 
control, which can lead to instability. In this way, several recent works address the saturation 
control variable and discusses ways to obtain a stable and controllable system (Askari et al., 
2016, Wang et al., 2016; Zheng & Sun, 2016, Oravec & Bakošová, 2015; Wang et al., 2013).  

These control systems can be implemented in various mechanical mechanisms, machines 
or manufacturing process equipment, to convert rotary movements into translational or vice 
versa. Using this type of motion conversion has several studies for control the connecting-rod-
crank mechanism, in the majority to control the linear position of the translational movement 
as output (Ahmad et al., 2011; Chuang et al., 2006; Chuang, 2007; Fung et al., 2009; Kao et 
al., 2006; Lin et al., 2001; Liermann et al, 2016). However, few studies assess the conversion 
of rotary movements into translational using active controls (Yu et al., 2016; Hung et al. 
2016). These types of work use passive controls for continuous movement of rotation, for use 
as compressed air motors or hydropneumatic (Shi et al., 2016; Yu & Cai, 2015; Brown et al., 
2014; Wang et al, 2014; Shaw et al., 2013). 

This connecting-rod-crank mechanism provides movement of oscillating for active 
control of the output shaft as engine compressed air. The analysis of this swinging motion 
control provides condition for applications in mechanical devices such as manufacturing 
process and agricultural machinery. The engine compressed air and your movements should 
be evaluated because of clean energy that provides advantages to be applied to certain types 
of processes and equipment. In this context, we also have studies to the application of 
pneumatic energy for use in automotive vehicles (Yu et al, 2016; Hung et al 2016) in which 
the connecting-rod-crank already established itself as the main mechanism. 

2  CONTROL FOR THE DYNAMIC MODEL 

The mechanism of compressed air engine has a geometry comprising a system with four 
links rigid that makes up the connecting-rod-crank. The mechanism of compressed air engine 
has a geometry comprising a system with four links rigid that makes up the connecting-rod-
crank. The movement between the links of the mechanism depends on these restrictions for 
the transmission of forces applied to the Centers of Gravity (CG) in each link. 

 

Figure 1 - Connecting-rod-crank with horizontal geometry 
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where 
li = total length of the link li; 
lCGi = length of the link li to CG; 
xCG4 = linear position of CG cylinder 4 to the origin; 
θi = angular position of the link li; 
Fi = viscous friction force between the links li; 
 

The kinematic relationship which describes between the input and output movement of 
mechanism with a degree of freedom in function of their positions can be written, as follows. 

2 2 2
2 3 22 2 4

1/2
4 cos ( sin ) CGCG l l l lx       (1) 

We note that the nonlinear dynamic in this mechanism is a function of the angular 
positions in link 2 obtained for the input motions in the link 4. In connecting-rod-crank 
mechanism as combustion engine some authors modeling (Awrejcewicz & Kudra, 2003) this 
mechanism as triple physical pendulum with barriers which generating six piston movements 
from one side of the cylinder to the other. This configuration generates three degree of 
freedom for the motion creates a more real model but much more complex. For model 
simplification in our work was considered only one degree of freedom, as shown in the 
following Fig.1. Through the gas force application (Fg) in the link 4 in function of pneumatic 
pressure. For the control of the air pressure variation in the input link 4 applies Fg in both 
directions for a dual action in the cylinder.  

To apply the control movement in the mechanism we can model dynamics through 
Lagrangian mechanics in which measures the conservative energy of this system, based on 
generalized coordinate θ2, as follows. 

2 2

2

d
Q

dt  

  
    


 

. (2) 

where 

Qθ2 = moment of non-conservative forces related to generalized coordinate θ2 ; 

T V  ; 
T = kinetic energy; 
V = potential energy; 

2 = angular position of link 2; 

2
 = angular velocity of link 2; 

 

Thus, we have the difference between the kinetic and potential energy, as follows. 

2 2 2 2
2 2 3 3 3 3 4 4 3 3 3

1 1
(( ) ( ) ( )) ( sin )

2 2
J m v J m v m gl        . (3) 

where 
 

mi = concentrated mass in link CG i; 
vi = velocity of link i;  
Ji = momentum of inertia of link i; 

i = angular position of link i; 

i = angular velocity of link i; 
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Applying in Eq. (2) to Eq. (3) we have the Eq. (4) with the movement behavior for that 

system which is non-conservative and which is described in the equation as space state where 

θ2 = x1 and 2 2x   . That is, for simulation by numerical calculation must be exchanged an 

equation of the first order for two of the second order, as follows. 
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   (4) 

 
where 
 

QUi = relation of pneumatic force and its momentum of control to each i case in the 
compressed air engine; 

ccae = viscous-damping of the compressed air engine; 
ceq = viscous-damping of the equipment; 
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2.1 Control LQR 

To apply the QUi control signal in LQR control system in Eq. (4) need vary the air 
pressure in a proportional PUi pressure control valve which generates the force Fg (Fig. 1) a 
function of coordinated variation of the generalized, as follows. 

4 1/2
1

2 2 2 2 2 2
2 2 1 1 2 13

2
( ) ( / 4)( sin ( sin cos ) / ( sin ) )

CG

i giU UiF P d l l l lQ x x x x
x





    


 (5) 

where 

UiP  = control pressure case i; 

d = diameter of the cylinder 4; 

giF  = control variable force case i; 

However, to perform numerical simulations will need to define the overall control 
function for QUi. According to Tusset et al. (2013) to apply LQR linear control in Eq. (4) of 
movement we need have linearized the non-linear equation for the  following format. 

 X AX BU  (6) 

where 

  1 2

T
x xX ; 

nxnA  = state matrix; 

nxmB  = constant matrix; 

 U  = QUi = the control signal; 

This form of equation and the gains for the implementation of LQR method include the 
obtainment for linearized motion equation. Thus, to linearize the nonlinear model will need 
obtain the equilibrium point type and verify to your applying for the non-linear model in 
question for LQR method. This analysis was performed in Alves et al. (2015) that determined 
the equilibrium point P = (-π/2, 0), i.e., we have as equilibrium a stable focus point which will 
be converted on matrix A.  

0 1

40.8333 0.4167

 
    

A  (7) 

In this case, the sign of the control U can used to as the application in the linear model as 
in the nonlinear model, to the positioning in the desired orbit increasing. That is, U = QUi 
increases the system power according to the increase of air pressure to the control point and 
can be obtained from: 

1  TU R B PZ  (8) 

where  
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*
1 1

*
2 2

x x

x x

 
  

  
Z ;  

*
1x e 

*
2x = desired position and velocity; 

Assuming that )(nxnP  is the solution for the Riccati equation given by: 

0QPBPBRPAPA T1T  
 (9) 

where 

nxnQ  and nxmR  are positive semi-definite matrices. 
 

However, the controllability matrix [B  AB ...  A(n-1)B] must have full rank and the choice 
of matrix must be made appropriately to be not violated the controllability of the system. 

This way, the matrices B, Q and R are determined, in the following, to the solution of 
Riccati’s equation. 

7

7

40 5(10 ) 0
; ; [10 ];

1 0 5(10 )

  
    
   

B Q R  (10) 

By applied the matrices A, B, Q and R on the Riccati’s Eq. (7) P is obtained. 

1000.9381 3.121

3.121 3.1628

 
  
 

P  (11) 

Substituting the matrix P in Eq. (11), we have the Eq. (12) to the control signal U that 
when applied in Eq. (7), it controls the linear motion. 

1 1 2 2
* *707065.9490( ) 707107.3644( )UiQ x x x x     U  (12) 

Thus, there were obtained the Eq. (12) for general control function U = QUi for apply in 
the Eq. (6) with the aim to control the linear motion. However, the movement equation for 
this study is a nonlinear Eq. (4) for can use the linear LQR gains by possessing equilibrium 
point with stable focus.  

For the solution in Equation (4) of movement nonlinear will need use the control signal U 
described in the Eq. (12) that was obtained by linearization of Eq. (6) of motion around its 
equilibrium point. This application and analysis of LQR control results for a nonlinear 
equation can be developed because of the type of equilibrium condition for the connecting-
rod-crank system that meets control laws. 

2.2 Numerical simulations 

To control x1 * we have to formulate the objective function with the frequency and the 
limits the desired control position, in a way to obtain the smallest parametric error in 
positioning ( eUi = x1 – x1

* ), as follows. 

1
* ( / 2)cos(8.26 t) ( / 2)x     (14) 

2
* ( / 2)8.26sin(8.26t)x    (15) 
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Therefore, the control equation below expresses the control function for the mechanism 
through the combinations of Eq. (12), (14) and (15), as follows. 

1

2

707065.9490( ( / 2cos(8.26 t) / 2))

707107.3644( ( / 2(8.26) sin(8.26 t))
Ui

x

x
Q

 



  


 

 
 
 

 (16) 

In the analysis of saturation have to check if the pressure limit was not exceeded with 
relation to the control signal value generated in Eq. (12), and if it happens we have to restrict 
the signal against this maximum pressure.  

Thus, we have three cases to be evaluated, in the first case 1 does not impose itself a limit 
to the pressure which creates saturated control pressure QU1. In case 2 will need to restrict the 
maximum limit for application of pressure control signal PU2 on 1 MPa so that there is not 
saturation pressure in the application of the control signal QU2, as follows. In the case 3 is also 
considered the uncertain errors of 20% (Noziaki, Balthazar & Tusset, 2013) to the application 
of the LQR control as a variation of the previous function, as follows. 
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 (17) 

However, the angular positions desired, x1
* and x1, should vary from 0 to –π around the 

balance point -π / 2. In all following figures these angular positions are presented in real scale, 
in radians (rad).  

The other variables are normalized between -1 and 1, being necessary to multiply the 
values in the figures to obtain the values of variables, PUi (Mpa), QUi (N.m) and eUi (rad). To 
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the simulations, it was used the following physical parameters to the connecting-rod-crank 
mechanism as shown in the table. 

Table 1. Parameters to the connecting-rod-crank mechanism 

Constitutive 
relation 

Nomenclature Value Unit 

Angular 
position 

�2 0   to  – π  rad 

Cylinder 
stroke 

ΔlCG4 0.056 m 

Crankshaft 
length 

l2 0.04 m 

Connecting-
rod length 

l3 0.2 m 

Crankshaft 
mass 

m2 1.0 kg 

Connecting-
rod mass 

m3 0.5 kg 

Cylinder 
mass 

m4 0.5 kg 

Viscous-
damping   

of the 
compressed 
air engine 

 

ccae 

 

0.01 

 

N.m.s / rad 

Viscous-
damping    

of the 
equipment 

 

ceq 

 

1.0 

 

N.m.s / rad 

Cylinder 
diameter 

d 0.05 m 

 

In case 1 in Fig. 2, 3,4 and 5 below were obtained the following values for numerical 
simulations of normalized variables without pressure restraint, QU1 = 856.3 N.m, PU1 = 5.61 
MPa and  eU1  = 0.0022 rad. 
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Figure 2 - LQR active control without restriction of the maximum pneumatic pressure  

Analyzing the Figure below the amplified case it can be observed that according to the 
initial condition the biggest error eU1 = 0.0022 rad occurs at the beginning of the transient 
regime.  

However, this error generated by the control function applied in the Eq. (12) generates 
pressures that reach peaks up to 5.61 MPa. Therefore, the pressure becomes saturated for 
practical application, when it exceeds the value for the pressure 1 MPa, which would not be 
viable for the utilization in commercial pneumatic equipments. 
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Figure 3 - LQR active control without restriction pressure and amplified at the transient regime 

In Figure 4 below show up the last ten seconds of the case 1 of Fig. 2 without pressure 
restriction for analysis of the variables in permanent regime. 

 

 Figure 4 - LQR active control without restriction pressure and amplified at the permanent regime 
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It can be seen in Fig. 4 and Fig. 5 which in the permanent regime the parametric error 
decreases to eU1 = 0.0013 rad, because in this stage the position no receives large influence of 
the initial condition.  

However, even maintaining the same initial condition of the case 1, in the case 2 
according to the maximum pressure limitation PU2 = 1 MPa occurs an increase in the 
maximum error parametric for eU2 = 0.0275 rad with increasing at one decimal place for the 
radians as shown in the Fig. 5. 

 

Figure 5 - LQR active control with the saturated pressure in the permanent regime to analysis the peaks 
of the controlled variables 

In Fig. 5 above we can see that due to the lack of restriction occurs spikes of pressure 
saturated every time we have which reverse the crank oscillating movement. However, after 
these peaks most of the time we have values a little above zero for the pressure, i. e., the 
positions are controlled with small pressure for most of the control system. 

In case 2 in Fig. 6, 7, 8 and 9 below were obtained the following values for numerical 
simulations of normalized variables without pressure restraint, QU2 = 801.0 N.m, PU2 = 1.00 
MPa and  eU2  = 0.0275 rad. 
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Figure 6 - LQR active control with restriction of the maximum pneumatic pressure  

In case 1 in Fig. 2, 3, 4 and 5 previous were obtained the following values for numerical 
simulations of normalized variables with pressure restraint, QU2 = 801.0 N.m, PU2 = 1.00 MPa 
and eU2  = 0.0275 rad. Thus, it can be seen in Fig. 6 for the case 2 amplified that besides 
increasing the parametric error on 101 of 2.22 x 10-3 for 2.75 x 10-2 compared to the case 1. 
Occurs also the reduction the moment of non-conservative force of excitement QU1 = 856.3 to 
QU2 = 801.0 N.m with these values already expected due to the control pressure with 
restriction at PU2 = 1 MPa.  

In Figure 7 below for the case 2 amplified verified that this limitation for the pressure 
enables its practical application on commercial pneumatic equipments. Thus, for the 
correction of the position x1 through of the control function verifies that which no saturation 
occurs because the pressure signal remains constant in some parts of the movement. 
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Figure 7 - LQR active control with restriction pressure and amplified at the transient regime 

In Figure 8 below show up the last ten seconds of the case 2 of Fig. 6 without pressure 
restriction for  analysis of the variables in permanent regime. 

 

Figure 8 - LQR active control with restriction pressure and amplified at the permanent regime 
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In case 2 in the permanent regime with the pressure restriction it is observed the decrease 
of parametric error for eU2 = 0.0097 compared to the beginning of the transient regime that 
generates the error maximum eU2 = 0.0275 rad.  

Comparing the errors for case 1 e 2 Fig. 9 below in the permanent regime it is verified 
which, for both cases with (Fig. 5) and without restriction it is had an actual increase of 
0.0084 in the parametric error between cases, increasing eU1 = 0.0013 for eU2 = 0.0097 rad.  

 

Figure 9 - LQR active control without the saturated pressure and without noise in the permanent regime 
for the analysis the peaks of the controlled variables 

In Fig. 9 above for the case 2, we can see that due to limitation of maximum pressure   we 
obtained peaks that are constant, i.e., each time we it happens the reversal of the oscillating 
motion of the crank. However, these peaks occur most of the time because  do not have more 
peaks with saturated pressures as occurs and can seen in Fig. 5 for the case 1. 

In case 3 in Fig. 10, 11, 12 and 13 below were obtained the following values for 
numerical simulations of normalized variables without pressure restraint, QU3 = 881.0 N.m, 
PU3= 1.10 MPa ranging 10% above or below the pressure maximum proposed for 1.10 MPa  
and  eU3  = 0.0028 rad. 
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Figure 10- LQR active control with noise and with restriction of the maximum pressure  

In next Fig. 11 below show up the last ten seconds of the case 3 of Fig. 10 without 
pressure restriction for  analysis of the variables in permanent regime. In this case 3 a function 
of noise in the input pressure, there was increase in the maximum QU3 (881.0) to compensate 
the shorter time in the maximum pressure when compared with the case 2 QU2 (801.3) without 
noise.  

The error in the transient and permanent regime same considering uncertainties in the 
values of pressure, such as the compressibility of the fluid, differences in the friction values, 
vibrations and noises remained virtually the same error comparing it with the case 3. 

For the case 3 in the next Fig. 11, it appears that because of the uncertainties for the 
maximum pressure the peaks are no longer constant as in the previous case, which can be 
verified in saw shape thereof, both in permanent regime and transient. 
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Figure 11 - LQR active control with restriction, noise, uncertainties, amplified at the transient regime 

In case 3 for the permanent regime in the Fig. 12 it is observed the decrease of parametric 
error for eU3 = 0.0099 compared to the beginning of the transient regime that generates the 
error maximum eU3 = 0.0280 rad. 

 

Figure 12 - LQR active control with restriction, noise, uncertainties, amplified at the permanent regime  

In Fig. 13 below for the case 3, we can see that due to limitation of maximum pressure 
and due the uncertainties we obtained peaks that are not more constant as in the case 2, i.e., 
each time we it happens the reversal of the oscillating motion of the crank.  
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Figure 13 - LQR active control without the saturated pressure and with noise in the permanent regime for 
the analysis the peaks of the controlled variables 

Therefore, the proposed control system has proven robust and efficient for the transient 
regime or permanent, managing to keep the same parametric error for positions in the case 2 
and 3. 

3  CONCLUSIONS 

This study evaluates the LQR control method for the excitation through pressure in the 
cylinder of a connecting-rod-crank mechanism as compressed air engine for the controlling 
the angular oscillation of the crank. Despite the LQR control method in principle being ideal 
for the use on linear systems this control in the non-linear connecting-rod-crank mechanism 
also proved for adequate to control the angular oscillation this mechanism.  

We evaluated three cases to control the oscillation of the crank between 0 and - π for 
connecting-rod-crank mechanism according to a control function for the desired positions. In 
first case 1 was not restricted the excitation pressure of which resulted in the saturation of 
same above the limit for practical application. In second case 2 the excitement by pressure in 
the cylinder of the connecting-rod-crank mechanism was restricted to a maximum of 1 MPa 
with the implementation in conjunction of the control function, to facilitate the practical 
application on commercial pneumatic equipments. In the third case 3 analyses for the error 
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parametric sensitivity considering uncertainties in the values of pressure, such as the 
compressibility of the fluid, differences in the friction values, vibrations and noises. 

Comparing the parametric errors of the positions in the first case 1 with a saturation 
pressure with relation the second case 2 without saturation, was verified one increased of the 
error to 0.001 for the 0.010 rad. However, when applying the saturation control function it is 
verified that the system gets stable despite the increase of 10-3 for 10-2 with relationship to 
error parametric. As for the case 3 even with the uncertainties in the input pressure of the 
parametric values remained virtually the same error comparing it with the case 2. 

The control system has proved robust, even with the inclusion of noise in the entrance of 
the pressure control variables. The parametric errors obtained are suitable and can be applied 
to control the angular oscillation of the output to the compressed air engine as a stable system 
by controlling the saturation. Therefore, the parametric errors around 0.01 radians to the case 
2 without signal saturation to the connecting-rod-crank control with the use of simulated 
parameters are suitable for the application of this mechanism as a compressed air design. 
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