==

REVISTA
INTERDISCIPLINAR DE
PESQUISA EM
ENCENMHARIA

CILAMCE
2016

XXXVII IBERIAN LATIN AMERICAN CONGRESS
ON COMPUTATIONAL METHODS IN ENGINEERING

BRASILIA - DF - BRAZIL

-

ELASTIC WAVE BAND GAPS IN A TWO-DIMENSIONAL
MAGNETOELECTROELASTIC PHONONIC CRYSTAL

Edson Jansen Pedrosa de Miranda Janior™?
José Maria Campos dos Santos*
edson.jansen@ifma.edu.br
zema@fem.unicamp.br

Department of Computational Mechanics, Faculty of Mechanical Engineering, University of
Campinas

1Mendeleyev Street, 200, Cidade Universitaria “Zeferino Vaz”, Bardo Geraldo, 13083860,
Campinas, SP, Brazil

Department of Professional Education, Centro Histérico Campus, Federal Institute of
Education, Science and Technology of Maranhdo

2Afonso Pena Street, 174, Centro, 65010030, S0 Luis, MA, Brazil

Abstract. In this study we investigated the band structure of elastic waves propagating in a
magnetoelectroelastic phononic crystal (MPC), consisting of a polymer matrix reinforced by
BaTiO3-CoFe,0, inclusions in a square, triangular and honeycomb lattices. We also studied
the influence of the inclusion geometry cross section — circular, hollow circular, square and
rotated square with a 45° angle of rotation with respect to the x, y axes. The plane wave
expansion (PWE) method was used to solve the constitutive equations of a
magnetoelectroelastic material considering the wave propagation in the xy plane
(longitudinal-transverse vibration, XY mode, and transverse vibration, Z mode). The complete
band gaps between the XY and Z modes were observed to all types of inclusion and the best
performance depends on the lattice. For square lattice, the best performance was found for
square inclusion in lower frequencies, for triangular lattice, the circular, square and rotated
square present, approximately, the same behavior and for honeycomb lattice, the best
performance was found for circular inclusion.

Keywords: Magnetoelectroelastic phononic crystal, In-plane wave propagation, Full band
gaps, Vibration control, Plane wave expansion method.
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Elastic Wave Band Gaps in a Two-Dimensional Magnetoelectroelastic Phononic Crystal

1 INTRODUCTION

Artificial periodic composites known as phononic crystals (PCs), consisting of a periodic
array of scatterers embedded in a host medium, have been quite studied (Sigalas et al., 1994;
Kushwaha et al., 1994; Pennec et al., 2010; Huang et al., 2013; Yu et al., 2013; Anjos et al.,
2015; Miranda Jr. et al.,, 2015; Miranda Jr. et al., 2016a). PCs have received renewed
attention because they exhibit complete band gaps where mechanical (elastic or acoustic)
wave propagation is forbidden. The physical origin of phononic and photonic band gaps can
be understood at micro-scale using the classical wave theory to describe the Bragg and Mie
resonances, respectively, based on the scattering of mechanical and electromagnetic waves
propagating within the crystal (Olsson Il1 et al., 2009).

PCs can be applied in many situations, such as vibration isolation technology (Jensen,
2003; Wang et al., 2005; Casadei et al., 2012; Miranda Jr. et al., 2016b; Miranda Jr. et al.,
2016c¢), acoustic barriers/filters (Ho et al., 2003; Yang et al., 2003; Qiu et al., 2005), noise
suppression devices (Casadei et al., 2010; Xiao et al., 2012) and surface acoustic devices
(Benchabane et al., 2006).

Many types of smart PCs, like piezoelectric PCs (Wilm et al., 2001; Wilm et al., 2002;
Wilm et al., 2003; Hou et al., 2004; Lian et al., 2016) and piezomagnetic PCs (Robillard et
al., 2009; Vasseur et al., 2011; Bou Matar et al., 2012) were studied. However, only recently,
few studies focused on magnetoelectroelastic phononic crystals (MPCs) (Wang et al., 2008;
Wang et al., 2009).

In this study, we focused on elastic wave propagation in a MPC. We considered the wave
propagation in the xy plane (longitudinal-transverse vibration, XY mode, and transverse
vibration, Z mode) in an inhomogeneous transversely isotropic elastic solid. The main
purpose of this study was to investigate the elastic band structure of BaTiOs;—
CoFe,04/Polymer PC in a square, triangular and honeycomb lattices with different types of
inclusion cross sections: circular, hollow circular, square and rotated square with a 45° angle
of rotation with respect to the x, y axes.

2 THE MODEL

Figure 1 (a), (b) and (c) sketch the cross section of the BaTiOs—CoFe,O4/Polymer PC
taking into account square, triangular and honeycomb lattices, respectively, with an arbitrary
inclusion geometry. Figure 1 (d), (d) and (e) represent the irreducible Brillouin zone (IBZ) for
the square, triangular and honeycomb lattices, respectively. It is important to highlight that
exist three variations in the hexagonal lattice: triangular, honeycomb (or graphite) and
kagome lattices (Dyogtyev et al., 2010). In this study we considered four types of inclusion as
mentioned before: circular, hollow circular, square and rotated square with a 45° angle of
rotation with respect to the x, y axes.

The constitutive equations of a magnetoelectroelastic material are (Wang et al., 1996):
0ij = Cijrili + eujd; + qujo
D; = ejqup; — €uby — Aupu

B; = quauy — Audp — Tuww, (L), k1= 1,23), (1)
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where g;; is the elastic stress tensor, D; is the electric displacement vector, B; is the magnetic
induction, u; is the elastic displacement vector, ¢ is the electric potential, ¢ is the magnetic
potential, e;;; are the piezoelectric coefficients, g;;; are the piezomagnetic coefficients, ¢;; are
the dielectric coefficients, I;; is the magnetic permeability, A; are the electromagnetic
constants, c;jy, is the elastic stiffness.
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Figure 1. The transverse cross section of the binary composite system: an array of inclusions (BaTiOs—
CoFe,0,) periodically distributed in a matrix (polymer) for square (a), triangular (b) and honeycomb (c)
lattices. The IBZ (in shaded region) for square (d), triangular (e) and honeycomb (f) lattices.

We restricted the treatment to linear media, thus the elastic strain tensor &, is simplified.
Additionally, based on the quasi-static approximation, there are no electromagnetic sources
and the curls are zero, thus the electric and magnetic fields are taken as gradients of scalar
potentials and one can write:

1 0 0
&kl = E(uk,l + uz,k); E = —a—fl =¢,; H = —a—fl =9 (2)
where E, is the electric field and H, is the magnetic field.

The differential equations of motion in the absence of body forces are given by:

0;ji = pu;, Dy =0,B;; =0, (3)

where p is the mass density and dot denotes differentiation with respect to time. Substituting
Eq. (1) in Eq. (3), considering a transversely isotropic elastic solid, if the z axis is normal to
the plane of isotropy, and for a two-dimensional problem, d/dx; = 0, one can write:

piy = (C11u1,1 + C12”2,2)‘1 + [C66(u1,2 + u2,1)]’2,
pi, = (C12u1,1 + C11uz,2)l2 + [C66(u1,2 + uZ,l)],li
piiz = (CaalUlzy + 1501 + CI15<.0,1)’1 + (Caatts + €159 + CI15<P,2)’2'

0 = (915u3,1 — €191 — )L11<.0,1)’1 + (915113,2 — €110 — /1114’,2)'2,
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0¢ = (%5”3,1 — A1 — F11(P,1)J1 + (Q15u3,2 — A1 — F11(1’,2)‘2’ 4)
or in a vectorial notation:
. our 0 ..
pii; = V- (cVru;) + Vr - (Ces 0_) + 6_ [(c11 — 2¢66) V7 - ur], (i,j =1,2),
Xi Xi

piiz = Vi * (C44Vruz + e15Vrd + q15Vr o),
095 = Vr - (e15Vruz — €1,Vrd — 111 Vr @),
0¢ = Vr - (q15Vruz — 41,V7r¢ — I, V7 g), (5)

Whel'e Cee — %(cll - C12)1 VT = (a/axl)el + (a/axZ)ez, Uur = u1€q + use, and €; (l =
1,2) are the basis vectors in the real space.

Besides, considering a MPC one can note that ¢;; = ¢;,(I), ¢12 = ¢12(I), Cg¢ = Cg6(T),
Caq = C44(r), €15 = e15(r), q15 = q1s(r), €11 = €11(r), A1 = A3 (r), T[1q =T (n),
p=p(), u; =u(r,t), ¢ = ¢(r,t), ¢ = @(r,t). For a two-dimensional periodicity (the
system has translational symmetry in z direction and the material parameters depend only on
the x and y coordinates), then r = xe; + ye, is the two-dimensional spatial vector.

In order to eliminate the factor time in Eq. (4) and Eq. (5), we imposed a harmonic time
dependence on u; (r,t) = u;(r)e't, ¢p(r,t) = p(r)e'*t and ¢(r,t) = @(r)e'“t, where w is
the angular frequency. Applying the Floquet-Bloch’s theorem (Floquet, 1883; Bloch, 1928),
expanding u;, ¢ and ¢ as a Fourier series and considering wave propagation in the xy plane
(K5 = 0), one can write:

+00 + oo
T(l‘) — eiK.rTK(r) — eiK.r Z T(G) eiG.r — z T(G) ei(K+G).r’ (6)
G=—00 G=—00

where T(r) can be u;(r), ¢(r) or @(r), Tx(r) is the amplitude of the Bloch wave, note that
Tx(r) = Tg(r + R) and T(r + R) = T(r)e®R, ¢KR js called the Bloch periodic boundary
condition, K = ub; + vb, is the Bloch wave vector, u,v € Q are the symmetry points
within the IBZ in reciprocal space, or one may write K = k;e, + k,e,, k; ,k, € R are the
point coordinates within the IBZ in Figure 1 (d), (e) and (f) for the reciprocal space, b; (i =
1,2) are the basis vectors in the reciprocal space defined as a;-b; = 2nd;;, by =
22X b, = P e a; (i =1,2) are the components of the lattice vector
a;-(azxaz) ay-(azxaz)
R = (Mma, + na,), m,n € Z.

For a square lattice a; = ae; (i = 1,2), for triangular lattice a; = ae;, a, = ge1 +
a3 a3 3a a3

— €2, for a honeycomb lattice a; = — e t—ea=——e + —e2 and a is the lattice
parameter. For square lattice, the reciprocal lattice vector is defined as G = — (me1 + ne,),
for triangular lattice G = %" [me1 + @ ] and for honeycomb lattice G =

\F (m\/t") ez] m,n € Z. Note that G is a two-dimensional vector because we

consider a two-dimensional periodicity.

(m—n)e; +

Furthermore, one may write:
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P(r) = P(G")ele'r, (7)
G’=Z—oo

where P is one of the ¢34, €12, Ces) Caar €15, 915, €11, 411, [11, p @nd G’ has the same expressions
of G with m', n’ € Z. Note that we use G' to highlight the difference between the
expansions of material properties and the displacements and potentials.

Substituting Egs. (6) and (7) in Eq. (4) or Eq. (5), with G"” = G' + G, multiplying by
e~i6"T and integrating over the unit cell, one may write:

p(G' — G) 0 0 0 o\ (u(G)
[ 0 p(G' — G) 0 0 0]\‘ u,(G)
z w?’| 0 0 p(G'—G) 0 of|{us(®
G l 0 0 0 0 OJ l¢(G) I
0 0 0 0 0 <p(G))
[Q11 Q. O 0 0 1 (u1(G)
[Q21 Qzz O 0 0 | lu, (G) |
= [ 0 0 Q3 Qs Q35|4U3(G) ) 3
G | o 0 Q4 Qu Q45| | (G |
l 0 0 Qs3 Qsq stJ kgo(G)

where

Q11 = ¢11(G' = Q) (K+ G)1(K+ G'); + ¢66(G" — G)(K+ G), (K + G'),

Q12 = c12(G" = G)(K+ G)2(K+ G');1 + c66(G" — G)(K+ G)1 (K + G),

Q21 = ¢12(G" = G)(K+ G)1(K+ G'); + c66(G" — G)(K+ G),(K+ G')y,

Q22 = ¢11(G" = G)(K+ G),(K+ G'); + c66(G' — G)(K+ G);(K+ G')y,

Qz3 = €44(G' = G)(K+ G)1(K+ G')1 + c44(G" — G)(K+ G),(K+ G'),,

Qs = ;5(G' — G)(K+ G)1(K+ G'); + ;5(G' — G)(K+ G),(K+ G'),,

Q35 = 415(G' — G)(K+ G)1(K+ G'); + q15(G" — G)(K+ G)2(K + G')s,

Q43 = Q34

Qi = —€11(G' = G)(K+ G)1(K+ G'); — €,1(G" — G)(K+ G),(K+ G'),,

Qss = —211(G" — G)(K+ G);(K+ G); — 2411 (G" — G)(K+ G),(K+ G'),,

Qs3 = Qss,

Qs4 = Qus,

Qss = —[11(G' — GQ)(K+ G)1(K+ G); — I, (G' — G)(K+ G)(K+ G'),, )
where K1, K,, Gy G,, G; and G, are the x and y components of K, G and G', respectively.

Equation (8) represents a generalized eigenvalue problem of w?(K) and should be solved
for each K into the IBZ for square, Fig. 1 (d), triangular, Fig. 1 (e) and honeycomb lattices,

Fig. 1 ().
The Fourier coefficients are:

(fPa+ (1= f)PyforG=0
P® = { (Pi ~ POF(G) forG 0 ° (10)
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where the indexes A and B of Eq. (10) are related to the inclusion (BaTiO3—CoFe,0,) and the
matrix (polymer), respectively, F(G) is the structure function and f is the filling fraction of
each type of inclusion, i.e. circular section of radius r', square section of width 2I, rotated
square section of width 21 with a 45° angle of rotation with respect to x and y axes and a
hollow circular section with external radius R' and internal radius r, R* > r'. The hollow
cylinder has an internal radius r' of polymer and a thickness R’ — r' of BaTiO3—CoFe;O4 The
filling fraction f =S,/S., where S, is the cross section area of the inclusion and S, =
lla; x a,|| is the cross section area of the unit cell and for square lattice is:

nr'? /a? for circular section
412 /a? for square section
412 /a? for square rotated section
m(R'?> —1'?)/a? for hollow section

(11)

The filling fraction f for triangular lattice is:

( 2mr'?//3a? for circular section
B 4 812 /\/3a? for square section
/= 812 /v/3a? for square rotated section
2m(R'? — r'2) /v/3a? for hollow section

and for honeycomb lattice is:

: (12)

( 4mr'?/3+v/3a? for circular section
B ! 1612/3v3a? for square section
/= | 1612/3+/3a? for square rotated section
k4n(R’2 —1'2)/3+/3a? for hollow section

The structure function F(G) for square and triangular lattices is defined as:

F(G) = %U e 6T g2y, (14)

The integral in Eq. (14) is performed over the cross section of the BaTiO3—CoFe,O4
inclusion. The structure functions of the inclusions for square and triangular lattices are:

F(G)

(13)

2fJ,(Gr")/Gr" for circular section
flsin(G,1")/Gyr][sin(G,7r") /G,1'] for square section

- {sin[(z/ﬁ)(a1 + (;2)]} {sin[(z/\/i)(—(;1 +G,)|

(IN2)(Gy + Gp) (I/N2)(=Gy + G)
2f[J.(GR") — (r'/R")]J,(GR")]/(GR") for hollow section

where G = ||G]|.

The structure function F(G) for honeycomb lattice is defined as (Cassagne et al.,
1996):

(15)

} for square rotated section’

F(G) = 2 cos(G- u;)éff e 6T g2y, (16)

where u; = —u;, = a(0,1/2) are the vectors that define the central position of the two
scatterers into the honeycomb unit cell. We chose these vectors similar as Gao et al. (2013).
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Thus, the structure functions of the inclusions for honeycomb lattice are the same of Eq. (15)
multiplied by cos(G - u?), considering f from Eq. (13), or the same of Eq. (15) multiplied by
2cos(G - uy), considering f = f/2 from Eq. (13), because we defined for honeycomb lattice

f = 254/5,.

3 RESULTS AND DISCUSSION

The physical parameters of BaTiOs—CoFe;O4 (A) and the polymer (B) are listened in
Table 1.

Table 1. Physical parameters of BaTiOs;—CoFe,O, (material A) and polymer (material B) (Wang et al.,

2009).
p C11 C12 Caq Cee €15 €11 qis [ M1
A 5.73 166 77 43 445 11.6 11.2 550 5 0.005
B 1.15 7.8 4.7 4.6 1.55 0 0.0398 0 5 0

p in 10% kg/m?3, ¢;; in 10° N/m?, e;5 in C/m?, €;4 in 107° C*/Nm?, ¢;5 in N/Am, I}, in Ns?/C?, Ay, in

10~ Ns/VC.

We calculated the band structure considering a fixed filling fraction (0.45) and a lattice
parameter (0.022 m) for the four inclusions considering square, triangular and honeycomb
lattices. In the course of the numerical calculations, the integers m, n, m’, n’ were limited
to the interval [—10, 10] for all results, i.e. 441 plane waves. This resulted in a very good
convergence. One can note that we restricted the band structure plots comparison until a
maximum frequency (150 kHz) instead of fixing the number of bands.

The Fig. 2 (a-d) compares the band structure of a square lattice illustrated in Fig. 1 (a)
and (d) for the four types of inclusions, considering the XY (red) and Z (blue) modes. Note
from Egs. (4), (5) or (8) that only the Z mode contains the piezoelectric and piezomagnetic
effects. We plot the band structure in the three principal symmetry directions of the 1BZ
(Fig. 1 (d)). The plots are given in terms of frequency in Hz versus the reduced Bloch wave
vector k = Ka/2m. In Fig. 2 (a), three complete band gaps are found for circular cross
section inclusion.

The relation between the parameters R’ and r’' for hollow circular cross section
inclusion was fixed in ' = 0.2R’ and we did not investigate the influence of the thickness
R' — r' of BaTiOs-CoFe,0, in the band structure. Figure 2 (b) presents one complete band
gap and one can observe that the first bands occur in higher frequencies compared to the
other inclusions. Figure 2 (c) shows two complete band gaps for square cross section
inclusion and its first band gap is the broader one for a square lattice.

When these square inclusions are rotated 45° with respect to x and y axes, another gap
was created in higher frequencies and one narrow gap was created around 50 kHz, as
illustrated in Figure 2 (d). The square inclusion presented the best performance (broader
band gap) in lower frequencies compared to the other inclusions for square lattice.
However, the circular and rotated square inclusions presented more band gaps.

Figure 3 shows the band structures for a triangular lattice illustrated in Fig. 1 (b) and
(e) considering XY and Z modes. For circular, square and rotated square inclusions, Fig. 3
(@), (c) and (d), respectively, presents a complete wide band gap between the XY and Z
mode bands in, approximately, the same range of frequency, i.e. 40-75 kHz. For hollow
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inclusion, with the same thickness as cited above, only one wide gap was created between
73-100 kHz.

In Figure 4, for honeycomb lattice as illustrated in Fig. 1 (c) and (f), the band
structures of square and rotated square inclusions presented almost the same gaps. The
band structure of circular inclusion creates four gaps, however, all of them narrower than
the gaps of square and triangular lattices. For hollow inclusion, one can observe one
complete band gap and the first bands occur in higher frequencies compared to the other
inclusions, similar to square and triangular lattices.
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Figure 2. Elastic band structures of XY (red) and Z (blue) modes of BaTiOs—CoFe,O4inclusions in a
polymer matrix for a square lattice. The following types of inclusions are considered: (a) circular, (b)
hollow circular, (c) square and (d) rotated square with a 45° angle of rotation with respect to the x, y axes.
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Figure 3. Elastic band structures of XY (red) and Z (blue) modes of BaTiOs—CoFe,O4inclusions in a
polymer matrix for a triangular lattice. The following types of inclusions are considered: (a) circular, (b)
hollow circular, (c) square and (d) rotated square with a 45° angle of rotation with respect to the X, y axes.
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Figure 4. Elastic band structures of XY (red) and Z (blue) modes of BaTiOs—CoFe,O4inclusions in a
polymer matrix for a honeycomb lattice. The following types of inclusions are considered: (a) circular, (b)
hollow circular, (c) square and (d) rotated square with a 45° angle of rotation with respect to the x, y axes.

4 CONCLUSIONS

We obtained relatively broad complete band gaps between XY and Z modes where the
propagation of elastic waves is forbidden. In the case of triangular array of BaTiOs—
CoFe,0,4 inclusions embedded in a polymer background, the band structures considering
circular, square and rotated square with a 45° angle of rotation with respect to the x, y axes
inclusions presented approximately the similar behavior and the complete band gap arise in
almost the same range of frequency. The band structure considering hollow circular
inclusion presented one complete band gap between 73-100 kHz for ' = 0.2R’. Unlike
triangular lattice, for the square lattice, different behaviors of the band structure have been
obtained for all inclusions. The best performance in lower frequencies was found for
square inclusion.

For honeycomb lattice, the band structures of square and rotated square inclusions
present almost the same gaps, however, all of them narrower than the gaps of square and
triangular lattices. For hollow inclusion, only one complete band gap was created. The best
performance for honeycomb lattice was considering the circular inclusion.

We considered square, triangular and honeycomb arrays of inclusions perfectly
embedded in an elastic background. This means that we neglected the effects due to
decohesion of the fibers from the polymer matrix and to roughness at the interface between
the inclusions and the matrix. These defects could modify the elastic wave propagation in
composite materials, altering the band structure of them. The elastic band gaps in MPC
enlarge the potential applications for vibration management.
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