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Abstract. In this work we use computational tools to model a monodisperse diluted colloidal
suspension of permanently magnetized nanoparticles in carrier liquids that do not present mag-
netic properties. Three models are used to simulate repulsive forces acting on the particles,
namely, the Screened-Coulomb potential based repulsive force, the classic Lennard-Jones po-
tential based repulsive force and a electrostatic repulsion force that is meant to emulate the
behavior of surfactants adsorbed onto the particle’s surface. The approaching of the particles
submitted to these repulsive force models is examined. The suitability of each repulsive force
model is determined based on its computational cost, the time necessary for particle approach
and, finally, the way the particles do approach when submitted to it. We conclude that the
Lennard-Jones repulsive force model is the most suitable for most computational applications
that require the particles not to form dimers, and the Screened-Coulomb potential based repul-
sive force is the most suitable for the situations where dimer/chain formation is desirable. The
surfactant repulsive force model, although more expensive, allows one to examine the effects of
parameters such as temperature and surfactant concentration on the particle’s approach and
so might be most suitable for simulations that aim to optimize experimental procedures.
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1 INTRODUCTION

Some natural phenomena are too complex to emulate on a laboratory. It can also happen
that its performing would be excessively expensive or take too much time to be completed. For
this kind of situation there is computational modelling, that consists basically in using compu-
tational tools to simulate processes that occur in the physical world, contributing to its under-
standing and consequence prediction without the need of performing a physical experiment on
the laboratory.

Computational modelling can drastically reduce the residue production from scientific ex-
periments that often use dangerous and/or environmentally unfriendly reagents. It can also
reduce the costs of production and speed the development of virtually every product and tech-
nique that requires previous setting of parameters, since the simulation of properties, behaviors
and efficiencies would eliminate the need for countless expensive prototypes that generally pre-
cede the solution itself.

According to Rozensweig (1985), the interdisciplinary study between fluid mechanics and
electromagnetic fields can be divided into three main areas:

1. Electrohydrodynamics (EHD), which deals with the motion of electrically charged parti-
cles or molecules in a liquid medium;

2. Magnetohydrodynamics (MHD), which investigates the magnetic properties of electricity
conducing fluids, and

3. Ferrohydrodynamics (FHD), which deals with the mechanics of fluid motion influenced
by strong forces of magnetic polarization, on the magnetic fluids.

Whereas the two former fields have already had its characteristics and potential uses well
established, investigation of the properties, the flow and the application possibilities of magnetic
fluids is a very active research field (Odenbach,2004).

The most important magnetic fluids that arise with FHD are the colloidal suspensions of
magnetic nanoparticles (diameters from 5 to 15 nm and volume fraction up to about 10%)
that exhibit normal liquid behavior in the absence of magnetic fields but respond to imposed
moderate magnetic fields by changing their viscosity without loss of fluidity. These are also
called ferrofluids. The influence of external applied magnetic fields in the magnetorheological
behavior of the ferrofluid enables it to be used in such diverse areas as medicine, electronics,
acoustics, tribology, nanomotors, particle separation and thermal sciences. The magnetic sus-
ceptibility, or how much it tends to modify its structure when under a magnetic field gradient,
depends not only on the ferrofluid composition and mass fraction but also on the size and shape
of the particles, their crystalline structure, their orientation relative to the field and the intensity
of the applied field (Usachev,1981).

Because the magnetic particles in such suspensions are so small, they do not form sedi-
ment under regular gravitational field or under moderate magnetic field gradients nor do they
agglomerate due to magnetic dipole interaction. However, in experimental set ups and in com-
mercial ferrofluids a surfactant is added to the system in order to prevent the nanoparticles from
agglomeration due to the Van der Waals attraction forces. If the particles are not coated with
a surface layer of surfactant of adequate thickness, they might form chains and clusters when
put under magnetic gradients or discontinuities. If this phenomena, which is called correlation

CILAMCE 2016
Proceedings of the XXXVII Iberian Latin-American Congress on Computational Methods in Engineering
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phenomena, is not to be stopped, the nanoparticles may go under sedimentation and therefore
lose its usefulness as sealant, printer ink and coolant, only to cite a few.

To simulate the effects of the surfactant layer on the surface of the nanoparticles the numer-
ical models of repulsive forces can be used. In this work we utilize three models for repulsive
force: a) a repulsive force based on a variation of the Screened Coulomb potential that has an
exponential decay term; b) a repulsive force based on the classical Lennard-Jones potential and
c) a repulsive force based on electrostatic repulsion that intents to simulate the behavior of the
surfactant molecules.

Screened-Coulomb potential based repulsive force: The potential from which this force is
derived is known as Debye-Huckel potenfial in plasma physics (Cao et al,2014). It has been
widely used to simulate the interactions between charged particles, molecules or colloidal ag-
glomerates, as well as in liquid metals (Zhang et al,2014). The reasons for its widely spread
use in computational simulation of interactions between charged elements are mainly: a) its
reasonably accurate results for interactions between charged particles, for it is basically a defor-
mation of the classic Coulomb potential, b) the effective screening effect due to an exponential
decay term that allows this potential to describe dilution effects on these charges and, finally,
c) the low computational cost that comes from its implementation. Although free charge is
often absent in ferrofluids, electric charge can be applied to the surface of the nanoparticles in
order to reach stability against van der Waals short-range destabilizing attraction forces, thus
this repulsive force may be useful in real synthesis.

Classic Lennard-Jones potential based repulsive force: The Lennard-Jones potential has
the advantage of being very simple, having only two parameters and a relatively low compu-
tational cost. This potential describes correctly the behavior of two neutral atoms approaching
each other. Due to its simplicity, it is often used as initial step to fitting experimental data, even
when the approaching objects are not atoms nor neutral (Blaney & Ewing,1976).

Surfactant-like electrostatic repulsive force: Van der Waals attraction forces are very short-
ranged, however, they can cause the destabilizing of a ferrofluid by promoting the agglomeration
of the nanoparticles. In order not to let the particles touch each other, hence causing the van der
Waals attraction force to prevail and cause agglomeration, long chain molecules are absorbed
onto the surface of the nanoparticles. They exert short range steric hindrance and electrostatic
repulsion, thus impeding the nanoparticles to attach to each other, which could led to clustering
and sedimentation (Rinaldi et al,2005).

Fatty acids such as oleic acid can be used as surfactants. These kind of molecules have
a polar head that is adsorbed onto the surface of the nanoparticle, physically or chemically,
and a non-polar tail that interacts with the medium, and change the nature ot time changing
in magnetic susceptibility. When choosing a molecule to act as surfactant two things must be
taken in account: the nature of the surfactant molecule and the nature of the medium. It is
appropriate that the non-polar tail of the surfactant be similar to the medium, hence hiding the
the nanoparticle from the influence of the medium, acting like elastic bumpers.

2 METHODS AND GOVERNING EQUATIONS

This work presents a comparison between the computational models for three repulsive
forces used in ferrofluid behavior simulating. A diluted colloidal monodisperse suspension of
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permanently magnetized nanoparticles carried on a viscous, non-conducting liquid approach
each other, impelled by magnetic attraction and are repelled due to simple hysterical hindrance
and possibly by action of eletrostatic and surfactant effects. These three repulsive forces,
namely the Screened-Coulomb potential-based repulsive force, the Lennard-Jones potential-
based repulsive force and the repulsive force due to the action of surfactants are implemented
and evaluated for their efficiency (their ability to prevent overlap), computational cost (the pro-
cessing power required to perform the calculations, which can be estimated by the time required
to complete them), numerical stability and suitability for several sets of non-dimensional param-
eters.

The ferrofluid is modelled by two spheres with equal radius with permanent magnetic mo-
mentum dipoles that have fixed spacial orientations. This model was used because the colloidal
solution is monodisperse and very diluted (φ 5%, where φ represents the particle’s volumetric
fraction), thus the probability that three or more particles interact at the same time is very small.
Moreover, it is considered that the particles cannot rotate around themselves, so their magnetic
momentum dipole’s orientation in space would not change. This is a wild simplification that
can only be made because the main point of this work is comparing several repulsive force
models instead of investigate in details the exact behavior of the particles in the ferrofluid. The
non-dimensional approach was chosen for sake of generality, so this solution would be suitable
for several sets of dimensional parameters. The time step used on this work is equal to 10−3.

The behavior of the ferrofluid will be investigated using the fourth order Runge-Kutta
method to solve the following governing equation:

m
dv

dt
= −6πµav +

∑ 3µ0MiMj

4πr4ij
[(di · dj)rij + (di · rij)dj +

+ (dj · rij)di − 5(di · rij)(dj · rij)rij] (1)

This equation describes the movement of each particle in a diluted magnetic suspension,
modeled by two particles approaching each other. It takes in account the magnetic force due to
the magnetic interactions between the magnetic dipole moments of two particles. The following
parameters are utilized:v∗ = v

Us
, t∗ = tUs

a
, r∗ij =

rij
a

.

Us represents here the Stokes velocity or the terminal velocity of the particle, Us
a

represents
the time the particle takes to undergo a distance that is equal to its radius at terminal velocity
and rij is the distance between the centers of two particles. Thus, the following equivalence is
observed:

dv

dt
=
U2
s

a

dv∗

dt∗

From this point on the asterisk mark will be removed for the sake of clarity. One can rewrite
the Eq (1) as:

St
dv

dt
= −v +

∑
ψm

1

r4ij
[(di · dj)rij + (di · rij)dj +

+ (dj · rij)di − 5(di · rij)(dj · rij)rij] (2)
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One can also define a non-dimensional magnetic parameter, ψ0, as:

ψm =
MiMjµ0

8π2a5Usµ
(3)

And also the Stokes number:

St =
mUs

6πµa2
(4)

The repulsive force can be modeled in the following ways:

Screened-Coulomb potential based repulsive force: fr = C1uje
(ζ−2∗a)
C2 , where uj is the

adimensional velocity of the particle j, defined as uj =
vj
Us

and ζ is the distance between the
particle’s centers at a given moment, C1 is 1 and C2 is 0.22. This model was used in the work
of Gontijo and Cunha, (2015), and adaptations were made for the present work.

Lennard-Jones potential based repulsive force: fr = 4∆

[(
σLJ
ζ

)13
+
(
σLJ
ζ

)7]
where σLJ

and ε mean, respectively, the finite distance at which the interparticle’s potential is zero and
the depth of the Lennard-Jones potential well. σLJ is set as 1.76681995 and ε is 100. The ∆
parameter can be defined as ∆ = σLJ

πmuaUsε
.

Surfactant-like electrostatic repulsive force model: fr = ϕlog
(

2a+2δ
ζ

)
, where ϕ can be

defined as ϕ = 4kbTσSa
12µUsδ

, kb is the Boltzmann constant, T is the absolute temperature of the
system, set as 298K, σS is the surface concentration of absorbed molecules of the surfactant
and has the value of ≈ 1018, and δ is the thickness of the absorbed molecule, set as 5 × 10−10.
This model was used in the work of Liu et al (2010), and adaptations were made in this work.

3 RESULTS AND DISCUSSION

The physical situation that is being modeled can be represented in the following way:
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Figure 1: Schematic representation of the problem.

Where fm is the magnetic force responsible for attracting the particles towards each other,
fr is the repulsive force that prevents the overlapping, mj is the dipolar magnetic momentum of
the particle j and ζ is the distance between the particles’s centers.
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The graphic below shows the behavior of the ferrofluid’s particles when submitted to three
different repulsive force models. As a particle with unitary radius was used in this simulation, it
is possible to see that all the three models succesfully avoided particle overlapping. Henceforth,
η represents the particle’s position in a bidimensional plane.
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Figure 2: Distance between the particles’ centers when submitted to three different repulsive force models.

As the processing time is an important variable in the simulation processes, it was also
measured for the three models. This data is on Table 1 below, together with ζm, that is the
minimal distance reached between the particle’s centers, it is, the distance between them at
the closest point of their trajectories. The CPU time considered here is the time necessary to
process all iteractions of the simulation, in a Intel ® Core™ i7-2600 CPU @ 3.40GHz × 8,
with memory of 3,8 GiB.

Table 1: Processing time and minimal distance reached between particle’s centers for the three repulsive
force models.

CPU time (s) ζm (radius) Time step

Screened-Coulomb 2.79999990.10−2 1.99999428 0.0001

Lennard-Jones 2.79999990.10−2 1.99998188 0.0001

Surfactant-like 0.175999999 2.00253701 0.0001

The Screened-Coulomb potential based repulsive force model could be used when dimer
or chain formation is desirable. This model offers a very smooth approaching and stabilizes the
particles at a distance (Figure 3) that is determined by the C1 and C2 parameters.
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Figure 3: Particle approaching when submitted to Screened-Coulomb potential based repulsive force model.

The parameters might be adjusted appropriately (Fig. 4). When not considering the small
flutuations at particle’s positions around their equilibrium position, it could be said that the
particles undergo an inelastic collision.
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Figure 4: ζ change with the parameters C1 and C2.

The surfactant-like electrostatic repulsive force model causes the particles to approach and
then suddenly separate, following different paths with velocities that are different between them
and also different from the ones they had before colliding. This behavior is as that of a partially
inellastic collision. Besides that, the particles do not touch each other, but remain separate by
a small distance even in their trajectories’ closest point. This small separation is determined by
the lenght of the surfactant molecule’s apolar tail, as well as the surface concentration of the
surfactant onto the particles’ surface. This model offers the possibility to model the effects of
several experimental parameters such as temperature of the ferrofluid, surfactant concentration
and surfactant molecule’s lenght (therefore the surfactant type), so it might be used to optimize
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experimental procedures, reducing, for example, the time and costs involved in experimental
set-ups.
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Figure 5: Particle approaching when submitted to surfactant-like repulsive force model

It could be possible to form dimmers and chains using this repulsive model, however, the
time steps involved in order to physically capture the smoothness of the motion of two ap-
proaching particles would need to be very small time step of order 10−9). Under this time step,
the particles approach very slowly and have the time to, at the time of the collision, equilibrate
the attractive and repulsive forces and form agglomerates.

The Lennard-Jones potential based repulsive force model causes the particles to collide and
then separate, therefore it is suitable for modelling the situations when dimer formation is not
desirable, as in most applications of ferrofluids. Moreover, the particles only touch each other
at the moment of the collision and do not undergo deformation, which accounts for a perfectly
ellastic colision.
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Figure 6: Particle approaching when submitted to Lennard-Jones potential based repulsive force model.

This fact is corroborated by Fig. 7, which shows that the particles have, after the collision,
the same speed and opposite movement’s directions.
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Suzana Moreira Ávila (Editor), ABMEC, Brası́lia, DF, Brazil, November 6-9, 2016



Silva, K. T. A. R.; Gontijo, R. G.

 0

 0  1  2  3  4  5

V
e
lo

c
it
y

Time

Particle 1
Particle 2

Figure 7: Particle’s velocities change with time.

About this repulsive force model it is also interesting to note that there is an easily ob-
tained potential energy associated with it (the Lennard-Jones potential). The Fig. 8 shows the
Lennard-Jones potential changing with time. The potential energy decays when the particles
aproach, reaching minimal value when they are in ζm. If the particles were to undergo a over-
lap, the potential enery would suddenly rise, showing that a closer approach would require a
great amount of energy to take place. As the particles separate after the collision, the potential
gradually rises and finally get stabilized at its equilibrium value, that can be interpreted as the
potential value when both particles are at an infinite distance.
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Figure 8: Lennard-Jones potential energy and particle’s positions changing with time.

4 CONCLUSIONS

Although all the analyzed repulsive force models avoid significant overlaps, each has spe-
cific situations in which their use is more appropriate. The Lennard-Jones potential based repul-
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sive force model might be used when dimer formation is not required: its computational cost is
low and it causes the particles to have symmetrical velocities. The screened Coulomb potential
based repulsive force model, on the other hand, causes the particles to smoothly approach and
form a stable dimer with time steps as low as 10−3, and could be used when this property is
desired. The eletrostatic repulsive force model that emulates a molecular surfactant might as
well form a dimer, but the time step required would make the computational cost too great and
its use, therefore, non-viable. At low time steps, this model causes the particles to collide and
separate, just as the Lennard-Jones potential based force model.

Acknowledgements

We would like to thank Professor Francisco R. Cunha (Vortex-ENM-UnB) for many helps
with elucidative discussions on Microhydrodynamics and with the theory of hydrodynamic of
magnetic fluids. The authors are grateful to the CNPq-Brazil and CAPES-Brazil for their gen-
erous support to this work

REFERENCES

Blaney, B. L., Ewing, G. E., 1976. Van der Waals molecules. Annual Reviews on Physical
Chemistry, vol. 27, pp. 553-586.

Cao, X-W., Chen, W-L., Li, Y-Y. & Wei, G-F., 2014. The scattering of the screened
Coulomb potential. Physica Scripta, vol. 89, 4pp.

Gontijo, R. G. & Cunha, F. R., 2015. Dynamic numerical simulations of magnetically
interacting suspensions in creeping flow. Powder Technology, vol. 279, pp. 146-165.

Liu, T., Gu, R., Gong, X., Xuan, S., Wu, H. & Zhang, Z., 2010. Structural and rheological
study of magnetic fluids using molecular dynamics. Magnetohydrodynamics, vol. 46, n. 3, pp.
257-269.

Odenbach, S., 2004. Recent progress in magnetic fluid research. Journal of Physics: Con-
densed Matter, vol. 16, pp. 1135-1150.

Rinaldi, C., Chaves, A., Elborai, S., He, X. & Zahn, M., 2005. Magnetic fluid rheology and
flows. Current Opinion in Colloid & Interface Science, vol. 10, pp. 141-157.

Rozensweig, R. E., 1985. Ferrohydrodynamics. Dover.

Usachev, P. A., 1981. Ferrohydrodynamics of disperse systems and new combined pro-
cesses of mineral ore separation. Fiziko-Tekhnicheskie Problemy Razrabotki Poleznykh Iskopae-
mykh, vol. 6, pp. 100-112. Translated by Institute of Mining, Kazach Branch, Academy of
Sciences of the USSR, Apatity.

Zhang, L-yu., Qi, X., Zhao, X-ying., Zhang, X-chao., Xiao, G-qing., Duan, W-shan &
Yang L., 2014. Dynamics of He2+ + H ionization with exponential cosine-screened Coulomb
potential. Physica Scripta, vol. 89, 6pp.

CILAMCE 2016
Proceedings of the XXXVII Iberian Latin-American Congress on Computational Methods in Engineering
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