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Resumo

We discuss the integration of magnetic interaction between spheres and other solids. We show
how to use tensors and their eigenvalues in that calculation in order to take advantage of symmetry
properties to simplify the expressions. The calculation is gradually restricted to more symmetrical
structures, until we reach the case of two homogeneously magnetized spheres arbitrarily positioned
and oriented. This work may help future calculations of interaction between more complex objects,
such as spheres with inhomogeneous magnetization, ellipsoids and partially paramagnetic solids.
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I. INTRODUCTION

Amikam Aharoni [1] calculated the interaction energy between a ferromagnetic sphere and a paramag-
netic one. The ferromagnetic sphere presents magnetization along a fixed direction in its whole volume,
while the paramagnetic sphere presents magnetization aligned with the external applied magnetic field in
each point of its volume. In order to perform that calculation, he used the propriety that the magnetic field
that a uniformly magnetized sphere generates outside its volume is equivalent to that of a point dipole in
its center [2]. Although not very simple, that calculation is facilitated by the fact that the magnetization is
considered to be completely aligned with the applied magnetic field, which means that the core of the
calculation is integrating the field generated by a dipole over a spherical volume of arbitrary radius and
position.

The field that a ferromagnetic sphere generates in the volume of another ferromagnetic sphere, however,
is not aligned (in general) with the magnetization of the latter. Usually, some theorems are used to simplify
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the calculation, but they are not applicable if the system differs from two perfect spheres with continuous,
fixed bulk magnetization. Magnetic nanoparticles, for instance, might have size effects [3, 4], such as
weakening of magnetization towards their borders. In order to calculate the interaction between two
solids with those kinds of specific behavior, it is very helpful to be able to calculate the interaction
between simpler solids by direct integration over their volume elements. In order to be able to generalize
the calculation, we arrive at that same result by direct integration over infinitesimal interacting volume
elements, and we show that a tensorial approach might be more useful for some systems.

II. FROM DIPOLAR FIELD TO DIPOLAR INTERACTION

One could argue that, as the magnetic field generated by a ferromagnetic sphere is “dipolar” in the
outside region, it is obvious that the interaction energy between two ferromagnetic spheres is also “dipolar”,
i.e., the interaction energy between two point dipoles. However, this is not that straightforward if we
consider basic electrostatic calculations. That conclusion could be taken from Newton’s Third Law,
~FAB = −~FBA, where ~FAB is the force in sphere A due to sphere B (and vice-versa for ~FBA), or, in terms of
potential energy, dU(~rAB)

dxA
= −dU(~rBA)

dxB
, where U is the potential energy,~rAB is the position of the center of

sphere A in relation to the center of sphere B (and vice-versa) and x is a Cartesian coordiante. This only
restricts U to a certain class of functions.

As the energy interaction between magnetic objects also generates rotation of those objects about axes
passing through their own centers, we need to consider the “Rotational Newton’s Third Law” [5] as well:

~τAB = −~τBA, (1)

where τ’s are the two spheres’ reciprocal torques. The torque generated by a field ~B on a point dipole m is
τ = −~m×~B , so, Eq. 1 can be integrated as∫

VA

[
~Ma×~BaB

]
dVa = −

∫
VB

[
~Mb×~BbA

]
dVb, (2)

where the V ’s are the volumes of the spheres. It is know that “the average magnetic field due to steady
currents outside the sphere is the same as the field they produce at the center” (see exercise 5.57 of
Ref. [6]). Considering that the field generated by each sphere is due to steady currents in their atoms, and
that the ~M’s are fixed inside each sphere, Eq. 2 becomes

~mA×~BAB = −~mB×~BBA.

This equation is a better indication that the spheres interact as dipoles, at least with respect to rotation.

III. MAGNETOSTATIC INTERACTION BETWEEN TWO SPHERES

An explicit direct calculation of the interaction between two perfect ferromagnetic spheres might
be useful not only to show that the result is dipolar, but also to extend the calculation to other types
of magnetization distribution. For instance, there are magnetic nanoparticles that are gradually less
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ferromagnetic from its center towards the surface along the radial direction, what could be expressed by
means of a radial function inside the integrals.

In order to perform the integration between two ferromagnetic spheres, we are going to consider that
some sphere A generates a dipolar magnetic field that interacts with infinitesimal magnetic dipole moments
that occupy the whole volume of a sphere B. That is to say that we are going to integrate, over the volume
of sphere B, the magnetic interaction energy between two point magnetic dipoles:

Umag(i j) =
µ

4π

(
~mi ·~m j

r3
ji
−3

(~mi ·~r ji)(~m j ·~r ji)

r5
ji

)
,

where µ is the mean magnetic permeability, ~mi and ~m j are the magnetic dipoles of two interacting particles
i and j,~r ji is the vector that describes the position of particle j in relation to particle i.

So, the energy between two infinitesimal dipoles, one in sphere A and the other in sphere B, is written
as

dUab =
µ

4π

[
d~ma ·d~mb

r3
bA

− 3(d~ma · ~rbA)(d~mb · ~rbA)

r5
bA

]
, (3)

The magnetic dipolar field, generated by the first sphere of total magnetic dipole ~mA must be integrated
over the volume of the second one, of constant volume magnetization ~MB (magnetic dipole per volume)

UAB =
µ

4π
mAMA

∫
Vb

1
r3

bA

{
m̂A · m̂B−3(m̂A · r̂bA)(m̂B · r̂bA)

}
dVB, (4)

where mA is the total dipole of sphere A; MB is the magnetization of sphere B and is written as a function
of mB and VB as MB = mB/VB, (or, in the general case of magnetization that may vary over volume,
MB = dmb

dVb
⇒ dmB = MBdVB);~rbA is the position of a volume element of sphere B in relation to the center

of sphere A.
Now we define the direction of the vectors ~mA, ~mB and~r in terms of spherical coordinate angles:

m̂A = sinθmA cosφmAx̂+ sinθmA sinφmAŷ+ cosθmAẑ,

m̂B = sinθmB cosφmBx̂+ sinθmB cosφmBŷ+ cosθmBẑ,

r̂bA = sinθbA cosφbAx̂+ sinθbA cosφbAŷ+ cosθbAẑ,

from which it is easy to see that

m̂A · m̂B = cosθmA cosθmB + sinθmA sinθmB cos (φmA−φmB),

m̂mA · r̂bA = cosθmA cosθbA + sinθmA sinθbA cos (φmA−φbA),

m̂mB · r̂bA = cosθmB cosθbA + sinθmB sinθbA cos (φmB−φbA).

As the integration will be performed over the volume of sphere B, it is necessary to write~rbA, the
position of a volume element of sphere B in relation to the center of sphere A (the origin of our coordinate
system), as a function of~rbB, the position of a volume element of sphere B in relation to the center of
sphere B itself,

~rbA = rbB sinθbB cosφbBx̂+ rbB sinθbB sinφbBŷ+(rBA + rbB cosθbB)ẑ.
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Figura 1: Spherical coordinate systems for integration over the volume of two interacting spheres, with a cross
section showing the position of a volume element of sphere B in relation to the center of both spheres A
and B. In spherical coordinates,~rbA ≡ (rbA,θbA,φbA) and~rbB ≡ (rbB,θbB,φbB).

4



Physicae Organum • Brasília, vol. 2, n. 3 • 2017

From the identity r2 =~r ·~r applied to~rbA, we get

rbA = (r2
bB + r2

BA + 2rbBrBA cosθbB)
1/2. (5)

Equations 4, 5 and 5 yield

UAB =
µ

4π
mAMB

∫
VB

[
A−3B(φbA)C(φbA)

(r′2 +R′2 + 2r′R′ cosθ′)3/2

]
dVB,

where

A = cosθmA cosθmB + sinθmA sinθmB cos (φmA−φmB),

B(φbA) = cosθmA cosθbA + sinθmA sinθbA cos (φmA−φbA),

C(φbA) = cosθmB cosθbA + sinθmB sinθbA cos (φmB−φbA),

where the dependence on θbA is highlighted because it is the only angle above that will vary in the
integration. By performing the multiplication B(φbA)C(φbA), and considering that, by symmetry, the
integration of terms with single cos(φmB− φbA) or cos(φmA− φbA) (but not that with the two of them
multiplied) equals zero, we get

UAB =
µ

4π
mAMB

{∫
VB

A
(r2

bB + r2
BA + 2rbBrBA cosθbB)3/2 dVb

−3
[

cosθmA cosθmB

∫
VB

cos2 θbA

(r2
bB + r2

BA + 2rbBrBA cosθbB)3/2
dVb

+ sinθmA sinθmB

∫
VB

sin2
θbA cos(φa−φbA)cos(φb−φbA)

(r2
bB + r2

BA + 2rbBrBA cosθbB)3/2 dVb

]}
,

(6)

We must change the numerators’ dependence from rbA, θbA, φbA to rbB, θbB, φbB in order to be able to
integrate the dipolar field from ~mA over VB. A straightforward vector addition yields, for the z components
(remember that ˆrAB is along the z-axis), rbA cosθbA = rAB + rbA cosθbB that squared becomes

(rbA cosθbA)
2 = r2

AB + 2rABrbB cosθbB + r2
bB cos2

θbB. (7)

Note also that the projections of~rbB and~rbA on the plane xy must be equal to each other because our
choice of axes implies that Cartesian positions centered on the two sphere only differ in the z-component
but not in the x and y components. So,

rbB sinθbB = rbA sinθbA, (8)

and φbA = φbB, such that

r2
bA sin2

θbA cos(φmA−φbA)cos(φmB−φbA) = r2
bB sin2

θbB cos(φmA−φbB)cos(φmB−φbB). (9)

Now, eq. 7 and eq. 9 may be used in eq. 6 to change the origin of its position coordinates from the
center of sphere A to the center of sphere B.
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UAB =
µ

4π
mAMB

{∫
VB

A
(r2

bB + r2
BA + 2rbBrBA cosθbB)3/2

dVb

−3
[

cosθmA cosθmB

∫
VB

r2
AB + 2rABrbB cosθbB + r2

bB cos2 θbB

((r2
bB + r2

BA + 2rbBrBA cosθbB)5/2
dVb

+ sinθmA sinθmB

∫
Vb

F(rbB,θbB,φbB|φmA,φmB)

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2
dVb

]}
,

(10)

where the function F is

F(rbB,θbB,φbB|φmA,φmB) = sin2
θbB cos(φmA−φbB)cos(φmB−φbB)

= sin2
θbB
[
(cosφmA cosφmB)cos2

φbB +(sin(φmA +φmB)) sinφbB cosφbB +(sinφmA sinφmB) sin2
φbB
]

Two exponents in the denominators of eq. 10 changed from 3/2 to 5/2 because a factor r2
bA have been

added in both numerators and denominators in order to use eq. 7 and eq. 9, and the one in the denominator
has been replaced again with eq. 5. Now, Eq. 10 does not depend on any variable centered on sphere A,
but only on quantities that will remain constant during the integration (rAB, θAB, θmB, φmA, φmB) and on
variables centered on sphere B (rbB, θbB, φbB). So, as we do not have variables with indices “bA” and “bB”
to distinguish anymore, we can omit the index “bB” from now on and define dVb = r2 sinθdrdθdφ. By
doing that and changing the variables as

[ξ = cosθ]⇒ [dξ = −sinθdθ]⇒
[∫

π

0
sinθdθ→−

∫ −1

1
dξ→

∫ 1

−1
dξ

]
, (11)

we arrive at

UAB =
µmAMB

4π

{
(m̂Am̂B)2π

∫ RB

0

∫ 1

−1

r2

(r2 + r2
BA + 2rrBAξ)3/2

dξdr

−3(cosθmA cosθmB)2π

∫ RB

0

∫ 1

−1

(r2
BA + 2rrBAξ+ r2ξ2)r2

(r2 + r2
BA + 2rrBAξ)5/2

dξdr,

−3(sinθmA sinθmB)
∫ RB

0

∫ 1

−1

r4(1−ξ2)

(r2 + r2
AB + 2rrABξ)5/2

dξdr

×
∫ 2π

0

[
cosφmA cosφmB cos2

φ+ sin (φmA +φmB)cosφsinφ+ sinφmA sinφmB sin2
φ
]

dφ

}
(12)

where RA and RB are the radii of the spheres A and B.
After some manipulation (and using integral tables) one can simply that expression to

UAB =
µ

4π
mA×

(
4π

3
R3

BMB

)
× 1

r3
AB
×{−2cosθmA cosθmB + sinθmA sinθmB cos(φmA−φmB)}

=
µ

4π
mA×

(
4π

3
R3

BMB

)
× 1

r3
AB
×{cosθmA cosθmB + sinθmA sinθmB cos(φmA−φmB)−3cosθmA cosθmB}

6



Physicae Organum • Brasília, vol. 2, n. 3 • 2017

and, finally, recalling that m̂A ·m̂B = cosθmA cosθmB+sinθmA sinθmB cos (φmA−φmB) (eqs. 5), cosθmA cosθmB =
(m̂A · ẑ)(m̂B · ẑ) = (m̂A · r̂BA)(m̂B · r̂BA), the equation above becomes

UAB =
µ

4π
× ~mA~mB−3(~mA · r̂BA)(~mB · ˆrBA)

r3
BA

The magnetic interaction between two perfectly spherical particles with completely homogeneous
magnetization is equivalent to that of two point dipoles located at the center of those particles. This
expression also ignores particles’ crystal structure, which means that the value of the interaction should
be kept constant for surface-surface distances smaller than lattice constant; fortunately, this interaction
does not increase that much for small distances and the inclusion of the effect of crystal structure may be
superfluous. Magnetic domains, partial paramagnetism and deviation from sphericity might also get
the real interaction away from the dipolar model.

IV. THE TENSORIAL APPROACH

Due to the availability of many computer algebra systems (CAS) that perform matrix calculations, a
tensorial approach is useful to check and generalize the previous results. To do that, we write the second
term of eq. 3 in dyadic form~rba~rba such that:

(d~ma ·~rba)(d~mb ·~rba) = d~ma ·~rba~rba ·d~mb,

where

~rba~rba =

x
y
z

[x y z
]
=

x2 xy xz
yx y2 yz
zx zy z2

 ,

which is a symmetric second order tensor, so that Eq. 3 can be rewritten as

dUab =
µ

4π

[
d~ma ·d~mb

r3
ba

− 3(d~ma·~rba~rba·d~mb)

r5
ba

]
, (13)

and finally

dUab =
µ

4π

{
d~ma ·

[
r2

ba1−3~rba~rba

r5
ba

]
·d~mb

}
, (14)

where 1 is identity matrix.
Eq. 14 may be also written as

dUab = d~ma ·E ·d~mb,

where E could be described as the energy operator in the basis of magnetic moment by those who are
familiar with Quantum Mechanics calculations. For this very reason, the operator E is independent of the
magnetic moments. It may be written as

E =
µ

4π

[
K

r5
ba

]
,

7
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where K = r2
ba1−3~rba~rba.

The eigenvalues of the tensor K are λ1 = x2+y2+z2, with multiplicity two, and λ2 =−2(x2+y2+z2),
with multiplicity one, such that K can be decomposed by means of the so-called “eigen decomposition” as

K = PDP−1 (15)

where

D =

x2 + y2 + z2 0 0
0 x2 + y2 + z2 0
0 0 −2(x2 + y2 + z2)

 ,

the matrix P is formed with the eigenvectors of K: ~vλ1,1 = − cosθ

sinθsinφ
ŷ+ ẑ, ~vλ1,2 = x̂− cosφ

sinφ
ŷ and ~vλ2 =

sinθcosφ

cosθ
x̂+ sinθsinφ

cosθ
ŷ+ ẑ, that is,

P =

 0 1 sinθcosφ

cosθ

− cosθ

sinθsinφ
−cosφ

sinφ

sinθsinφ

cosθ

1 0 1

 ,

and the inverse matrix P−1 is

P−1 =

 −sinθcosθcosφ −sinθcosθsinφ sin2
θ

sin2
θsin2

φ+ cos2 θ −sin2
θsinφcosφ −sinθcosθcosφ

sinθcosθcosφ sinθcosθsinφ cos2 θ

 .

Eqs. 15 and 14 implies that

dUab =
µ

4π

{
d~ma ·

[
PDP−1] ·d~mb

}
=

µ
4π

{
[d~ma ·P] [D] [P−1 ·d~mb]

}
,

where d~ma ·P is written in matrix form as a row vector,

d~ma ·P =
[
a b c

]
,

where

a =− cosθ

sinθsinφ
dmay + dmaz,

b =dmax−
cosφ

sinφ
dmay,

c =
sinθcosφ

cosθ
dmax +

sinθsinφ

cosθ
dmay + dmaz,

and P−1 ·d~mb as a column vector,

P−1 ·d~mb =

d
e
f

 .
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where

d =− sinθcosθcosφ dmbx− sinθcosθsinφ dmby + sin2
θ dmbz,

e =(sin2
θsin2

φ+ cos2
θ) dmbx− sin2

θsinφcosφ dmby− sinθcosθcosφ dmbz,

f = sinθcosθcosφ dmbx + sinθcosθsinφ dmby + cos2
θ dmbz

Since D is a diagonal matrix, the components of d~ma ·P and P−1 ·d~mb will be multiplied separately
along each axis, without “cross-multiplication”. After some algebraic manipulation,

[d~ma ·P][D][P−1 ·d~mb]

= r2 [(1−3sin2
θcos2

θ) dmax dmbx +(sinφcosφ(sin2
θ+ 2sinθcosθ)) dmax dmby−3 sinθcosθcosφ dmax dmbz

−3 sin2
θsinφcosφ dmay dmbx +(1−3sin2

θsin2
θ) dmay dmby−2 sinθcosθsinφ dmay dmbz

−3 sinθcosθcosφ dmaz dmbx−3 sinθcosθsinφ dmaz dmby +(1−3cos2
θ) dmaz dmbz

]
(16)

The equation above is quite general. It is valid for all sorts of forms. However, r, θ and φ are
spherical coordinates that position d~mb in relation to d~ma, such that, for a non spherical volume, the
integration limits of those variable are interdependent. However, for instance, for ellipsoidal volumes,
a reparametrization of the coordinate system may give similar results as the ones obtained by us in the
present paper.

V. FORM ANALYSIS

In Eq. 16, r, θ and φ describe the spherical coordinates of the positions of all volume elements of
body B in relation to all volume elements of body A. That expression is supposed to be integrated
over the volumes of A and B, so one would normally have to change its dependence from {r,θ,φ} to
{ra,θa,φa} ,{rb,θb,φb}. However, even before performing that transformation, it is possible to make some
progress in the analysis of bodies with some symmetry properties.

Bodies with rotational symmetry along z:

Let us restrict ourselves to the interaction between bodies whose volumes share a symmetry axis in
z. That integration will cancel out all those factors whose dependence in φ are sinφ, cosφ or sinφcosφ,
provided that, for each {r,θ} pair, φ assume values that are regularly distributed along the cycle {0,2π}.
That condition is fulfilled if the bodies A and B share an axis of rotational symmetry along the z axis, as
illustrated in Fig. 2, because, in that situation, the integration over φ is cancelled out for any pair r,θ.

For systems with that kind of symmetry,

[d~ma ·P][D][P−1 ·d~mb]
(not canceled by

∫
dφ) = (x2 + y2 + z2)

×
[
dmaxdmbx(1−3sin2

θcos2
φ)+ dmaydmby(1−3sin2

θsin2
φ)+ dmazdmbz(1−3cos2

φ)
]

= r2{d~mId~mJ−3
[
(sin2

θcos2
φ)dmaxdmbx +(sin2

θsin2
φ)dmaydmby +(cos2

θ)dmazdmbz
]}

9
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Figura 2: Transversal-to-z sections of two pairs of bodies which share rotational symmetry axis along z. For each
relative position vector, it is possible to find other vectors of same magnitude and orientation changed by
displacements of π/n in the relative azimuthal angle, with n = 2 and n = 3 in the examples.

such that Eq. 14 becomes, remembering also that r ≡ rba, θ≡ θba and φ≡ φba,

dUab =
µ

4π

1
r3

ba

{
d~ma ·d~mb−3

[
(sin2

θba cos2
φba)dmaxdmbx

+(sin2
θba sin2

φba)dmaydmby +(cos2
θba)dmazdmbz

]}
.

(17)

Now, considering constant magnetization inside each body, we can put

d~ma = ~MadVa and d~mb = ~MbdVb

in Eq. 17, resulting in

dUab =
µ

4π

1
r3

ba

{
~Ma · ~Mb−3

[
(sin2

θba cos2
φba)MaxMbx

+(sin2
θba sin2

φba)MayMby +(cos2
θba)MazMbz

]}
dVadVb.

(18)

The only assumption we have made about volumes Va and Vb so far is that both of them have a
rotational symmetry axis along the z-axis, where the center-to-center distance between solids A and B
extends along. So, in such a configuration, Eq. 18 is valid for ferromagnetic ellipsoids, cubes, cylinders,
tubes (even with varying cross-section), etc.

A point dipole (or a sphere) and a body with rotational symmetry:

Let us replace the body A with a point dipole mA, so that Eq. 18 becomes

dUAb =
µ

4π

1
r3

bA

{
~mA · ~Mb−3

[
(sin2

θbA cos2
φbA)mAxMbx

+(sin2
θbA sin2

φbA)mAyMby +(cos2
θbA)mAzMbz

]}
dVb.

(19)
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As already shown, the magnetic field of a sphere with fixed volume magnetization is dipolar as
experienced from outside its volume. Thus, Eq. 19 is also applicable to the interaction between a sphere
and a ferromagnetic body with a rotational symmetry axis along the distance between their centers.

A point dipole (or a sphere) and a body with circular transversal section:

Now, consider that B is a body like a tube, a cylinder or an ellipsoid, i.e., with circular cross sections
(either disks or rings). For such a system, it is convenient to write the volume element in spherical or
cylindrical coordinates, but we shall be careful because the conventional volume element forms (e.g.
r2 sinθdθdφdr) are usually expressed in relation to the center of the solid being integrated. Let us again
distinguish variables expressed in relation to the center of solid B from the ones expressed in relation to
the center of solid A:

dUAb =
µ

4π

∫ ∫ ∫ 1
r3

bA

{
~mA · ~MJ−3

[
(sin2

θbA cos2
φbA)mAxMbx

+(sin2
θbA sin2

φbA)mAyMby +(cos2
θbA)mAzMbz

]}
r2

bB sinθbBdφbBdrbBdθbB.

As the angles φ refer to the angular position of projections in the xy-plane, we can define that φaA = φbB
without loss of generality (that is not true for θ). As A is a point dipole at the origin (i.e.,~rA = (0,0,0)),
and because of the circular transversal sections of B, the integrations in φ are readily done from 0 to 2π:

dUAb =
µ
4

∫ RB

0

∫
π

0

1
r3

bA

{
2(~mA · ~MJ)−3

[
sin2

θbAmAxMbx

+ sin2
θbAmAyMby + 2cos2

θbAmAzMbz
]}

r2
bB sinθbBdrbBdθbB.

To follow this calculation, one must now define the integration limits, but the upper integration limit
of rbB depends on θbB, with specific expressions for each solid. For an ellipsoid, it might be convenient
to stand with spherical coordinates, but for cylindrical tubes, one may choose to shift to cylindrical
coordinates.

A point dipole and a sphere (or two spheres)

Integrating the interaction energy between two spheres is equivalent to considering one of them a point
dipole and integrating its filed over the volume of the other. Let us consider sphere A as a point dipole and
integrate its field over the volume of sphere B 1. Eq. 19 to this system.

When using spherical coordinates, spheres are special because the integration limits of the coordinates
are independent of each other:

dUAb =
µ

4π

∫ RB

0

∫
π

0

∫ 2π

0

1
r3

bA

{
~mA · ~MJ−3

[
(sin2

θbA cos2
φbA)mAxMbx

+(sin2
θbA sin2

φbA)mAyMby +(cos2
θbA)mAzMbz

]}
r2

bB sinθbBdφbBdθbBdrbB.

1Alternatively, we could do the opposite: consider sphere B as a point dipole and integrate its field over the volume of
sphere A. Newton’s Third Law guarantees that we would have the same result.
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Recalling eq. 5,

dUAb =
µ

4π

∫ RB

0

∫
π

0

∫ 2π

0

1
(r2

bB + r2
BA + 2rbBrBA cosθbB)3/2{

~mA · ~MJ−3
[
(sin2

θbA cos2
φbA)mAxMbx

+(sin2
θbA sin2

φbA)mAyMby +(cos2
θbA)mAzMbz

]}
r2

bB sinθbBdφbBdθbBdrbB.

Using sinθbA = rbB sinθbB/rbA (from eq. 8) and φbA = φbB, and then using eq. 7 to remedy the last Ji
dependence,

dUAb =
µ

4π

∫
[~mA · ~Mb]r2

bB sinθbB

(r2
bB + r2

BA + 2rbBrBA cosθbB)3/2 dV

− 3µ
4π

∫
[mAxMbx](r4

bB sin3
θbB cos2 φbB)

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2 dV

− 3µ
4π

∫
[mAyMby](r4

bB sin3
θbB sin2

φbB)

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2 dV

− 3µ
4π

∫
[mAzMbz]r2

bA
(r2

BA sinθbB + 2rBArbB sinθbB cosθbB + r2
bB sinθbB cos2 θbB)

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2 dV

where
∫
≡

∫ RB
0

∫
π

0
∫ 2π

0 and dV ≡ dφbBdθbBdrbB.
Considering that the direction of the magnetization is fixed inside each sphere, and performing the

integrations in φbB (which are very simple), it is trivial to arrive at

dUiJ =
µ
4
[~mA · ~MB]

∫ RB

0

∫
π

0

r2
bB sinθbB

(r2
bB + r2

BA + 2rbBrBA cosθbB)3/2
dθbBdrbB

− 3µ
4
[mAxMBx +mAyMBy]

∫ RB

0

∫
π

0

(r4
bB sin3

θbB)

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2
dθbBdrbB

− 3µ
2
[mizM jz]

∫ RB

0

∫
π

0

r2
bA

(r2
bB + r2

BA + 2rbBrBA cosθbB)5/2

(r2
BA sinθbB + 2rBArbB sinθbB cosθbB + r2

bB sinθbB cos2
θbB)dθbBdrbB.

The equation above turns to be the same as eq. 12 throught the variable change of eq. 11, such that the
deduction can continue there, proving again that the magnetic interaction between these two spheres is
dipolar.

VI. CONCLUSION

The calculation of magnetic interaction between solids might be simplified by taking symmetry
properties into account from the beginning. If tensor calculus is used, the magnetostatic interaction can be
written by means of an operator that depends only on space applied to magnetic moment vectors. That is
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particularly useful to analyse interacting bodies with shared symmetry axes. We showed that a relatively
simple magnetic interaction between infinitesimal elements, with only four terms, can be applied to the
interaction between solids that share an axis of rotational symmetry along the distance between their
centers. We showed that two ferromagnetic spheres, arbitrarily positioned and oriented, interact as two
point dipoles, provided that the magnetization inside the volume of each one of them is constant and
continuous. The explicit derivation was made in progressive restriction of the properties of the volume
to which it can be applied, in order to facilitate the application to bodies of different forms. We aim to
extend that calculation to ellipsoids and spheres with radially-varying magnetization, useful models in the
research involving magnetic nanoparticles.
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